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Abstract. Wc give a canonical synthetic construction of the mirror family to a pair 
(Y, D) of a smooth projective surface with an anti-canonical cycle of rational curves, 
as the spectrum of an explicit algebra defined in terms of counts of rational curves 
on Y meeting D in a single point. In the case D is contractible, the family gives a 
smoothing of the dual cusp, and thus a proof of Looijenga's 1981 cusp conjecture. 
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Introduction 

0.1. The main theorems. Let V n for n > 3 be the n-cycle of coordinate planes in 

A n , 

V„ := Al 1)X2 U A^ X3 U • • • U K 2 Xn:xi C A^...^. 

We refer to Y n as the vertex of degree n. (See ( 11. 5ft and ( 11. 6ft for the definition of Vi 
and V2.) The surfaces V n are the most important singularities for moduli of smooth 
surfaces. Recall that a functorial compactification of moduli of canonically polarized 
manifolds is obtained by allowing so-called stable varieties — varieties with semi-log 
canonical (SLC) singularities and ample dualizing sheaf |Kllj . One-dimensional SLC 
singularites are ordinary nodes. Every SLC germ is (in a canonical way) a quotient 
of a Gorenstein SLC germ by a finite cyclic group, and every Gorenstein SLC surface 
germ is obtained as a deformation of Y n (for some n), which is itself Gorenstein and 
SLC. Here we use mirror symmetry to construct canonical embedded smoothings, jam- 
packed with geometric information. 

Throughout the paper (Y,D = D\ + ■ ■ ■ + D n ) will denote a smooth projective 
(necessarily rational) surface, with D G | — Ky\ a singular nodal curve (either an 
irreducible rational nodal curve, or a cycle of n > 2 smooth rational curves) over an 
algebraically closed field k of characteristic zero. We call (Y, D) a Looijenga pair for, as 
far as we know, their rich geometry was first investigated in |L81] . We cyclically order 
the components of D and take indices modulo n. By assumption there is a holomorphic 
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symplectic 2-form Q, unique up to scaling, on Y \ D, with simple poles along D, and 
thus U := Y \D is a log Calabi-Yau surface. Our main result is a synthetic construction 
of the mirror family, which gives a canonical (and in many cases modular) embedded 
smoothing of V n C A n parameterized roughly by the formal completion of the affine 
toric variety Speck[NE(Y)] along the union of toric boundary strata corresponding 
to contractions f:Y->Y. Here NE(Y) denotes the monoid NE(F) R>0 n Ai(Y,Z) 
where NE(Y) R>0 C Ai(Y,R) is the cone generated by curve classes. This is just an 
approximate statement of our result, as NE(Y) is not in general finitely generated, 
and in some cases we restrict to analytic neighbourhoods of the origin. By restricting 
the family to slices of the base transverse to various boundary strata, we recover most 
of what is known about deformations of log canonical surface singularities, unifying 
the results in a single Mori and mirror theoretic framework, and settle the main open 
question in the subject, Looijenga's 1981 conjectural criterion for smoothability of cusp 
singularities. 

More precisely, let -Bq(Z) be the set of pairs (E,n) where E is a divisor on some 
blowup of Y along which Q has a pole and n is a positive integer. Set I?(Z) : = 
Bq(1i) U {0}. See §0.3.11 below for another description of this set (as integer points 
in a natural integral affine manifold). Let Vi G -B(Z) be the pair (JD*, 1). Choose 
op C Ai(Y,R) a strictly convex rational polyhedral cone containing NE(F) R>0 , and let 
P := crp H Ai(Y, Z) be the associated monoid and R = k[P] the associated k- algebra. 

For each monomial ideal I G R, consider the free Ri := R/I-modvle 

(0.1) Aj:= Rj-$ q . 

q£B(Z) 

Let m C R denote the maximal monomial ideal. Let T D = GJ^ be the torus with 
character group x{T D ) having basis indexed by the components Di C D. There 
is a homomorphism T D — > Speck[P gp ] induced by C > J^(C ■ Dj)eD v so T D acts on 
Speci?/. In §3.5[ an action of T D on Aj is also constructed. 

Theorem 0.1. Let I C R be a monomial ideal with a/7 = m. There is a canonical 
T D -equivariant finitely generated Rj-algebra structure on Ai, determined by relative 
Gromov-Witten invariants of (Y,D) counting rational curves meeting D in a single 
point. This induces a flat T D -equivariant map 

f : Xj := SpecA/ — > Spec Ri. 

The precise description of the multiplication rule is slightly involved, so we defer the 
details of this multiplication until after we have explained the applications, see §0.3.21 
We also have a simple and elegant alternative that we conjecture gives the mirror in 
all dimensions directly in terms of counts of rational curves. See §0.41 
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We use the notation $ 9 for generators of our algebra, since for example, as we explain 
below, theta functions for polarized elliptic curves occur as a special case. Tyurin 
conjectured the existence of canonical theta functions (i.e., a basis of global sections) 
for polarized K3 surfaces and Kontsevich and Soibelman made similar speculations. 
Our results are log analogs of Tyurin's conjecture. In work in progress we apply similar 
ideas to obtain Tyurin's conjecture in the K3 well, see [K3] . 

Theorem 0.2. There is a unique smallest radical monomial ideal J C R with the 
following properties: 

(1) For every monomial ideal I with J C \fl there is a finitely generated Rj- 
algebra structure on Aj compatible with the Rj +m N -algebra structure on Aj +m N 
of Theorem \0.1\ for all N > 0. 

(2) If the intersection matrix (Di ■ Dj) is not negative semi-definite then J = 0. 
In general, the zero locus V(J) C Speci? contains the union of the closed toric 
strata corresponding to faces F of a P such that F does not contain the class of 
some component of D. 

(3) Let R denote the J-adic completion of R and Spf R the associated formal 
scheme. The algebras Aj determine a canonical T D -equivariant formal flat 
family of affine surfaces 

f:X-> Spf R 

with fibre V n over 0, and with scheme-theoretic singular locus of f not surjecting 
scheme-theoretically onto the base. 

(4) The $ q determine a canonical embedding X C A max ( n ' 3 ) x Spf R. 

We note the statement about the scheme-theoretic singular locus implies in particular 
that whenever the family is the formal completion of an algebraic family, the generic 
fibre of the algebraic family is smooth. As it is defined using Gromov-Witten invariants, 
the family depends only on the deformation type of (Y, D). 

Remark 0.3. When NE(Y) C P' C P C A^Y), then J'c J and the formal family 
X for P comes from the family for P 1 by base-change. In this sense the family is 
independent of the choice of P. 

We conjecture the families constructed by the above theorems are mirror to U — Y\D 
in the sense of homological mirror symmetry in the case k = C. In Part II of this 
paper, we shall prove some cases of this by relating our construction to previously 
known mirror constructions. In addition we conjecture the algebra A is the symplectic 
cohomology ring SH°(U). See §0.5.1l for precise statements. 

Next we explain the myriad applications independent of mirror symmetry. 
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0.2. Consequences of the main theorem. There are three broad classes of be- 
haviour for our construction, depending on the properties of the intersection matrix 
(A -Dj). 

The intersection matrix is not negative semi- definite. We call this the positive case. 
It holds iff U is the minimal resolution of an affine surface, see Lemma 15.91 In this 
case, the cone NE(Y)r >0 is rational polyhedral, so we may take P = NE(Y), and the 
ideal J of Theorem 10 . 21 equals 0. Thus our construction defines an algebraic family over 
Spec k[NE(Y)], with smooth generic fibre. We will show in Part II that the restriction 
of this family to the structure torus 

X ^ T y := Pic(Y) <g>G m = SpeckL^Y)] c Speci? 

is the universal family of deformations of U = Y\ D. 

More precisely, we will show independently of the positivity of the intersection matrix 
that our formal family has a simple and canonical (fibrewise) compactification to a 
formal family (Z,T>) of Looijenga pairs (with X = Z \ T>). In the positive case this 
extends naturally over all of Spec R, and its restriction (Z, V) — > Ty comes with 
a trivialization of the boundary T> = x Ty realizing it as the universal family of 
Looijenga pairs (Z, Dz) deformation equivalent to (Y, D) together with an isomorphism 
Dz — > D*. In particular, choosing such an isomorphism D — )■ D* for our original 
pair (Y, D) canonically identifies it with a fibre of the family (Z,V)/Ty- The fact 
that (Y, D) appears as a fibre is perhaps a bit surprising as, after all, we set out to 
construct the mirror and have obtained the original surface back. (Note however that 
dual Lagrangian torus fibrations in dimension 2 are topologically equivalent, so this 
is consistent with the SYZ formulation of mirror symmetry.) More importantly, the 
restrictions of the theta functions d q to U C X endow the affine surface U — Y \ D 
with canonical functions. 

We believe the existence of these canonical functions on such familiar objects (for 
example, the complement to a nodal plane cubic) represents the deepest reach to date 
of mirror symmetry into classical mainstream algebraic geometry. 

To illustrate, in Example 15.111 we explicitly compute the theta functions in the case 
(Y, D) is the del Pezzo of degree 5 together with a cycle of 5 (— l)-curves. In Example 
I5.12[ we give the expression in the case of a triangle of lines on a cubic surface, deferring 
in this case the proof until Part II. In each of these cases there is a characterisation of 
the n 9 Vi in terms of classical geometry. 

Both of these are examples of cluster varieties, and in each instance our theta func- 
tions agree with canonical Fock-Goncharov bases of universally positive Laurent poly- 
nomials, see |FG09] . Indeed we observe that all cluster algebras are log Calabi-Yau, 
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and believe all Fock-Goncharov cluster ensembles (with their canonical bases) are in- 
stances of our Conjecture 10.81 We note that a cluster algebra comes with a great deal 
of auxiliary structure, but we believe that this structure is not necessary for the exis- 
tence of Fock-Goncharov bases, it exists for any affine log Calabi Yau (with sufficiently 
degenerate boundary), and moreover that the many beautiful combinatorial rules for 
the multiplication rule of Fock-Goncharov bases admit a uniform expression in terms 
of counts of rational curves. For more details see §5.31 

We now discuss refinements of the general result of Theorem 10.21 in various special 
cases. For simplicity of exposition, assume that <jp = NE(Y)ir >0 is a rational polyhedral 
cone, so that S := SpeckfP] = Speci? is an affine toric variety (when this fails we 
approximate NE(Y) by P as above). Associated to a contraction / : Y — > Y is a closed 
boundary stratum of Sf C S, with monomial ideal If generated by monomials z c for 
curves not contracted to a point by /. The most interesting cases for deformation 
theory turn out to be when D itself is a fibre of /. This occurs if D is negative semi- 
definite. In this case Theorem 10 . 2 1 does not apply directly; however, the same methods, 
with k = C, produce a canonical extension of our family over the formal completion S' 
of an analytic open neighborhood 5" of the zero-dimensional stratum of S along SfHS'. 
See Theorem 14.11 for the precise statement in the case that D is negative definite, and 
Part II for the negative semi-definite case. 

We denote by Xf the fibre over a general point of Sf H S'. Then Xf is a Gorenstein 
SLC surface, and the family X\s f is a partial smoothing of the vertex V n to Xf. 
Furthermore, the family X, restricted to a slice of S transverse to Sf, yields a formal 
smoothing of Xf. As remarked at the outset, every Gorenstein SLC singularity is 
a partial smoothing of some V n , and in fact every such singularity which admits a 
smoothing occurs as Xf for some /. We now discuss the two main examples. 

The intersection matrix is negative semi-definite but not definite. In this case, after 
inductively contracting (— l)-curves contained in D, we may assume that D is a cycle 
of (— 2)-curves or an irreducible rational nodal curve with D 2 = 0. We can choose the 
complex structure on Y so that D is a fibre of an elliptic fibration / : Y — >■ Y (recall 
our family depends only on the deformation type of (Y,D)). Then Xf has a unique 
singular point, a cone over an elliptic curve of degree n. The restriction of our family 
to the boundary stratum X — > Sf fl 5" is the cone over Mumford's construction of the 
Tate curve, and our theta functions restrict to his toric realization of classical theta 
functions for elliptic curves. Moreover our family X — > S is defined over the analytic 
open set S' = {x G Speck[P] | |z D (x)| < 1} C S, and the modular parameter of the 
elliptic curve is q = exp(27rir) = z D G k[NE(Y)]. This in particular shows the family 
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cannot be algebraic. Thus X gives a smoothing of the cone over an elliptic curve of 
degree n. We recover in this way a result of Pinkham: 

Corollary 0.4. \P74\ §9] A cone over an elliptic curve of degree at most 9 is smooth- 
able. 

More importantly (as there are much easier ways to smooth this singularity) our 
construction now gives a vast generalisation of Mumford's toric construction of theta 
functions for elliptic curves. Indeed, we will show in Part II that the fibrewise com- 
pactification of our family (Z, V) — > Spf R, together with the theta functions (on 
X = Z\D) extends canonically over S' . The restriction to S' D Ty gives the universal 
family of pairs [Z, D) of a smooth anti-canonical elliptic curve on a del Pezzo surface, 
constructed in |L76] and |M82j . but now endowed with canonical theta functions not 
previously observed. 

The intersection matrix is negative definite. In this case, there is a birational mor- 
phism / : Y — >• Y contracting D to a cusp singularity p G Y. See Example 11.91 for 
background on cusp singularities. Cusps come in natural dual pairs, as observed in 
|N80] . In fact, as we'll see in Example II. 9[ this duality can be viewed as an early 
instance of mirror symmetry. We prove that the fibre Xf has a unique singularity, the 
dual cusp to p e Y, and we thus obtain (in Theorem 14.13}) the following: 

Corollary 0.5 (Looijenga's conjecture). A 2- dimensional cusp singularity is smooth- 
able if and only if the exceptional cycle of the dual cusp occurs as an anti- canonical 
cycle on a smooth projective rational surface. 

This was conjectured by Looijenga in |L81j . where he also proved the forward im- 
plication. Partial results were obtained in |FM83] and |FP84] . The above procedure 
produces a (formal) smoothing of the cusp singularity Xf, and we conjecture this dom- 
inates an irreducible component of the versal deformation space (the space is known 
to be equidimensional, and our base at least has the correct dimension). 

A simpler version of our construction can be used to describe deformations of cyclic 
quotient singularities, see §0 In this case there is a complete theory due to Kollar- 
Shepherd-Barron |KSB88] and Stevens |S91j . However our approach gives a new per- 
spective and in particular clarifies the connection with symplectic geometry discovered 
by Lisca |L08j . This is a baby version of the general construction, a nice introduction 
to the ideas of the paper. Our families in this case have natural modular meaning, see 
Theorem 16.61 

Our construction in general is based on ideas of Gross and Siebert in |GS07j . The 
relation is as follows. Suppose that / : Y — > Y is a toric model, i.e., / is the blowup 
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of a smooth projective toric surface Y at a collection of smooth points of the toric 
boundary D C Y, and D is the strict transform of D (essentially all Looijenga pairs 
occur this way, see Proposition 11.191) . In this case the restriction of X/S to Sf is the 
trivial family Y n x Sf. If A G Pic(F) is an ample divisor, then after pulling it back 
to Y, it determines a one-parameter subgroup of the torus T Y : = Speck^^F)]. The 
closure of an orbit of this subgroup in 5* = SpeckfP] intersects the open torus orbit of 
the stratum Sf. If we restrict the family X to this one-dimensional scheme, then we 
obtain the kind of smoothing constructed by Gross and Siebert in |GS07j in the two- 
dimensional case (closely related to the construction of |KS06j ). We improve on the 
Gross-Siebert construction is several ways. The Gross-Siebert construction includes 
a number of choices. Incorporating those choices gives essentially the family over the 
formal neighbourhood of the interior of Sf. The main work for us is to extend the 
family over the closure. The base we obtain is a formal version of the Kahler moduli 
space of the pair (Y, D), the natural parameterizing space from the mirror symmetry 
perspective. 

Most importantly, our construction comes with theta functions. In this paper they 
play a crucial technical role, in that they allow us to extend our deformations over parts 
of Speck[NE(F)] which the construction of Gross and Siebert cannot reach (which 
includes all the boundary strata that are interesting from the singularity point of 
view). Without the theta functions, the Gross-Siebert families do not carry very much 
information. We will see in Part II that they can in fact be constructed abstractly 
via a birational modification of the standard Mumford degenerations (in particular the 
Gross-Siebert families are formal completions of holomorphic families — a fact that is 
not at all apparent from their construction, which is purely formal, carried out order 
by order). We stress it is the abstract deformations that admit a simple description; 
the theta functions themselves are highly non-trivial. They are not at all apparent 
from the abstract description. For example, this birational description depends on a 
choice of toric model 7-^7, and a given Looijenga pair can have an infinite number 
of such models. On the other hand, the theta functions are independent of all choices, 
and thus are completely canonical. 

We will also show in Part II that, when D is not negative definite, our family satisfies 
a natural universal property, and moreover we expect this holds even in the negative 
cases, generalizing Looijenga's family of good pairs [L81J . II. 2. 7. 

0.3. Description of the coordinate ring. We will now give a precise description of 
the algebra structure on A, and thus of our mirror family to (Y, D). 
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0.3.1. The integral linear manifold B(y,d)- If Y is a smooth projective toric surface, 
and D is the toric boundary, then Y is determined by a fan £ in B = M 2 . Note the 
fan is determined (up to SL 2 (Z)) by the self- intersection numbers D\. This allows us 
to use this same data to define an analogous object associated to any Looijenga pair. 

In general, let B = Biy,D) be the dual complex of (Y,D), i.e., the piecewise-linear 
surface obtained by gluing maximal cones <7t,t+i := (^>o) 2 > one f° r eac h singular point 
AH A+i of D. The two edges of the cone a i>i+ i correspond to the divisors Di and A+i 
respectively, and the cones ov^j and o^t+i are glued along the edges corresponding to 
the divisor Di. The resulting topological space B is homeomorphic to 1R 2 , and it comes 
along with a "fan" £ consisting of the cones cr^+i and their faces. By construction B 
comes with a set of natural integral points 5(Z). As in the toric case, the rays of £ 
correspond to the Di, and each Di determines an integral point Vi G -B(Z), the first 
lattice point along its ray. 

Furthermore, B := B\ {0} carries an integral affine structure — it has charts with 
transition functions in SL 2 (Z). This structure is determined by declaring that the 
unique continuous piecewise linear function on <7j_i $ Uer^j+i with value Oj at is linear 
if and only if 

(0.2) K-iA-i + fliA + Oi+iA+i) ■ A = o. 

Let A denote the locally constant sheaf of integral tangent vectors, a locally constant 
sheaf of rank 2 lattices on B$. For any convex set r C Bq let A r indicate the stalk at 
a point in r (any two are canonically identified by parallel transport). Now an integer 
point q G -E?o(Z) is the same data as the ray G R>o ■ q G B with rational slope, 
together with a positive integer (expressing q as a multiple of the primitive integer 
vector on this ray). Just as in the toric case, a ray with rational slope is the same 
information as a choice of exceptional divisor on a toric blowup Y' — > Y, obtained by 
a weighted blowup of a node of D. Such exceptional divisors E are characterized by 
the property that Q has a pole along E. Thus £>(Z) agrees with the earlier definition. 
For full details and examples see §1.11 

0.3.2. Broken lines and multiplication. Now we sketch a description of the canonical 
ring structure of Theorem 10.11 For the motivation behind the definition see §0.6.21 We 
continue with (Y, D) and (B, S) as above. 

Let C C V be a cone spanning the real vector space V. Say a G V is above b G V 
if a = b + c for some c G C. Now we say a continuous S-piecewise linear function 
f : B — > V is C- convex if everywhere locally the graph lies above the graphs of the 
linear extensions, as in the usual definition for M-valued functions. Equivalently, a 
piecewise linear if has a canonically defined change of slope, or bending parameter, 
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Ppi,ip £ V, as we cross a ray pi £ E, and tp is C-convex if and only if all bending 
parameters p Pi ^ lie in the cone C. The bending parameters determine p uniquely, up 
to linear functions. For the precise definitions, see §1.21 

Now take C = NE(Y)^ >0 . We assume for simplicity of exposition that there exists 
a if : B — > Ai(Y, M.) with bending parameters p Pi ^ i = [Dj\ £ P = NE(Y). This is not 
the case in general, and instead one uses a multi-valued piecewise linear function, see 
§2.11 but the difference is largely notational. 

Let 7^ v £ P(Z) be a primitive integer vector, v = avi + frvj+i, with a > 0, b > 0. 
As previously noted, the ray generated by v determines a weighted blowup ir : Y — > Y 
with irreducible exceptional divisor E mapping to Di n Pi+i (unless a = when there 
is no blowup and P = D i+ i). We attach to the ray p v := lR>o ■ v G B the formal sum 

(0.3) /„ := exp ^ fc^iV^ • ( z (-^(-)))^ 

of monomials in k[A„ © P gp ] . Here £ NE(F), and A^ is a relative Gromov-Witten 
invariant roughly counting genus curves in Y of class /3 meeting E at a single point 
with contact order kp — D ■ /?. Finally, 7r*/3 =: /3 £ NE(F). We say (5 is an A 1 -class if 
Ag ^ 0, and a relative stable map contributing to A^ is called an A 1 -curve. The sum 
converges in the m-adic topology (recall m C l[P] denotes the torus invariant maximal 
ideal). We call 

(0.4) D := {(p v , f v )\ve B (Z) primitive} 

the canonical scattering diagram. 

Definition 0.6 (Broken Line). A broken line 7 is a closed piecewise linear directed 
path in B composed of finitely many straight line segments L±, L 2 , . . . ,L^, with no 
segment contained in a ray of D or E, each decorated by a monomial rrtj := CiZ^ Vi ' Pi ^ £ 
Q[A^ i © P gp ] satisfying the following: 7 can bend only where it crosses a ray of D. 
Each Li is compact except for L 1; which is a ray that goes to infinity inside some 
two-dimensional cone a £ E. Each Vi is non-zero and parallel to Li, and points in the 
opposite direction to Lj. Also mi = z'" 1 *'" 1 ^ and (necessarily) v\ £ a. Subsequent 
decorations are determined inductively as follows: By assumption L, D L i+ i is on a 
ray (p, f) £ D. The monomial is required to be one of the monomial terms in 

m . . j{n,vi) w ] iere n g \* j s U nique primitive element vanishing on the tangent space 
to p and positive on t>j. 

One can show that — <^(uj) £ P for all i. Let 0(7), ^(7), ^(7) be cn,Pn^ v n- Let 
Limits(7) = (^i,s), where s £ P is the endpoint of the final segment L^. Note 
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s G -Bo(Z) determines an integer vector v s G A s (given in an affine chart taking G B 
to G IR 2 by the vector from to s). 

We then have the following theorem, a summary of (parts of) Theorems 12.331 12.381 
andEU 

Theorem 0.7. Let I C k[P] be a monomial ideal such that y/1 = m. For pi,P2, s G 
-B(Z) define the formal sum 

a s ( Pl , P 2) = Yl c(7i)c( 72 )^ {7l)+p(72) ^ (s) . 
(71-72) 

Limits(7i)=(pi,s) 
f(7i)+'°(72)=s 

For any pair (71,72) in the sum the exponent p := p( 7 i) + ^(72) — V 9 ( s ) ^es * n P> an d 
z p G / /or a// 6ui finitely many pairs, so the sum defines an element of Rj := k[P]/7. 
The multiplication on generators of Aj = © s6B ( Z ) Ri • $ s defined by 

yields a well-defined Rj-algebra structure on Aj. The induced map fj : Spec^/) — > 
Spec(-Rj) is the flat deformation ofY n of Theorem \0.1\ 

0.4. Probenius structure conjecture. In this subsection we let (Y, D) be a smooth 
projective variety Y of arbitrary dimension together with an anti-canonical normal 
crossing divisor D (whereas elsewhere in the paper Y is a surface). Write U :—Y\D. 
Let Q denote a nowhere zero top-dimensional holomorphic form on U with simple poles 
along D (uniquely determined up to scaling). We assume that D is connected and has 
a zero-dimensional stratum, that is, a point cut out by dimF components of D. 

Let S denote the dual complex of D. That is, let Di, . . . , D n be the irreducible 
components of D. Assume for simplicity that each Di is smooth and for each 1 < 
z'i < • • • < i p < n the intersection D i± n • • ■ fl D ip is connected (possibly empty). We 
can always reduce to this case by blowing up along boundary strata. Then 5" is the 
simplicial complex with vertices v±, . . . , v n and simplices (v^, . . . , Vi p ) corresponding to 
non-empty intersections D^H - ■ - C\D iv . Let B denote the cone over S and £ the induced 
subdivision of B into simplicial cones. Let B := B \ {0} denote the complement of 
the vertex. 

Now suppose we are given points q±, . . . , q s G _B (Z). Each can be written as a 
linear combination qx = ^ . m^Vij for primitive generators Vij of rays in E, with the 
ray generated by corresponding to a divisor D^; necessarily P) . Dij 7^ 0. Suppose 
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also given a class (3 G Ai(Y) with the property that for a component F of D, 
(0.5) [3 ■ F = m ir 

i,3 
E=D i:j 

Using the results of [GSllj or [ACllj . one can define a moduli stack M 0tS+ i(Y/D, (3) of 
logarithmic stable maps, using the divisorial log structure on Y induced by D, which 
intuitively provides a compactification for the space of stable maps 

g: (C,p ,Pi, ...,p s )->Y 

such that [C] = (3 and C meets D t j at Pi with contact order rriy for each i,j,l<i<s, 
and order zero contact with D at po. (We note that we cannot use the more classical 
notion of relative stable map |LR01j . |Li00] here, as D is not a smooth divisor). We 
observe that the stack Aio l8 +i(Y/D, /3) has expected dimension dimF + s — 2. For 
s > 2 define the associated relative Gromov-Witten invariant 

Nf,( qi ,...,q,):= [_ ev*[pt]-^- 2 

J[M , 3+ l(Y/D,/3)]™ 

Informally, Np(qi, . . . , q s ) counts maps g: (C, po,Pi, ■ ■ ■ ,p s ) — > Y such that C is a 
smooth rational curve, g*[C] = (3, C meets Dij at pi with contact order for i = 
1, . . . , s and is otherwise disjoint from D, g(po) is a fixed general point of Y, and the 
isomorphism type of the pointed curve (C,p ,pi, . . . ,p s ) is fixed. 

Assume that D supports an ample divisor. Then it follows from the Cone Theorem 
|KM981 3.7] that the cone of curves NE(y) R > C A ± (Y, E) is rational polyhedral. Write 
NE(y) := NE(F) R>0 n Ai(Y,Z) for the associated monoid and R := k[NE(F)] for the 
associated finitely generated k-algebra. For (3 G NE(V) we write G R for the 
corresponding element. Let A := © ggB ( Z ) R • $ q be the free i?-module with basis {^j 
for q G B(Z). 

Define the R- multilinear symmetric s -point functions 

(.):(Ar s ^R, 
for s > 1 as follows. For s > 2 and qi, . . . ,q s G 5q(Z), we define 

(^-,V:= E N /) {q 1 ,...,q a )z f) eR 
/3eNE(y) 

where the sum is over classes /3 satisfying the condition f lO . 51) . (Note that the ampleness 
assumption implies that the sum is finite.) For s = 1 we define (i9 ) = 1 and = 
for g G B (Z). Finally we define (i9 ) , • • • , $q s ) '■= . . . , i? 9s ) for s > 1. 

Let Ty := Hom(Ai(F), G m ) denote the big torus of the affine toric variety Speci?. 
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Conjecture 0.8. There is a unique finitely generated commutative and associative 
R-algebra structure on A with $0 = 1 £ A such that 

(a 1 , a 2 , ■ ■ ■ , a s ) = (a 1 ■ a 2 ■ ■ ■ a s ) G R. 

That is, the s -point function (a\, . . . ,a s ) is the coefficient of $0 = 1 in the unique 
expansion of the product a\ ■ a 2 ■ ■ ■ ■ a s in terms of the R-module basis fig, q G B(Z). 

The induced map X := Spec(A) — > S :— Spec(i?) is a flat family of affine varieties 
with trivial relative dualizing sheaf ujx/s an d semi log canonical singularities. The fibers 
over Ty C S are irreducible and have log canonical singularities. 

Ifk = C the algebra A is the symplectic cohomology ring SH°(U). 

Let B + iu be a complexified Kahler form on Y and s = exp(27rz(B + iuj)) E Ty C S. 
Supposek = C and the fiber X s is smooth. ThenX s is mirror to (U = Y\D, (B+iu)\u) 
in the sense of homological mirror symmetry. That is, the bounded derived category of 
X s is equivalent to the wrapped Fukaya category of (U, (B + iuS)\u)- 

We can similarly formulate the conjecture without any ampleness assumption on 
D, using a polyhedral approximation o~p to NE(y)u >0 and a monomial ideal / with 
-\/7 = m as in Theorem 10.11 We believe that in dimension 2 it would be relatively 
straightforward to prove the conjecture using Theorem 10.71 and tropical techniques. 
On the other hand, it would be far more interesting to prove that the prescription 
defines an associative i?-algebra directly, without tropical mediation. 

0.5. Mirror symmetry conjectures. We now discuss our expectation that our con- 
struction yields the mirror family to (Y, D) from a number of points of view. Assume 
k = C. 

0.5.1. Homological mirror symmetry. Suppose that (Y, D) is not negative semi-definite. 
As discussed in §0.2[ our construction gives a family X defined over the full toric base 
S = Speck[NE(F)]. 

Let B + iu be a complexified Kahler form on Y . Write U = Y\ D. Let D 7r J r wr (C/) 
denote the wrapped Fukaya category of (U, (B + iu>)\u), |AS10] and |A09] . §5.2. Let s = 
exp(27ri(B-Mw)) G S denote the point corresponding to [B + iw] G H 2 (Y, C)/H 2 (Y, Z). 
Let X := X s denote the fiber of XjS over s G S and D(X) the bounded derived cate- 
gory of coherent sheaves on X. Then, as an instance of homological mirror symmetry, 
we expect: 

Conjecture 0.9. There is an equivalence of triangulated categories 

D*F WI (U)~D(X). 
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Remark 0.10. In |S08a] and [ASlOj symplectic cohomology and the wrapped Fukaya 
category are defined only in the exact case. Also, they do not consider the B-field. Let 
N G Dbe a tubular neighbourhood of D and U' := Y\D. By our positivity assumption 
on D there is a vector field V defined in a neighbourhood of the boundary dU' which 
points outwards along dU' and satisfies Lybj = u, or equivalently d(Lyu) = u. The 
vector field V is called a Liouville vector field. The existence of V suffices to define 
symplectic cohomology, cf. |Oa04] . and |R09] . §3. The same is expected for the wrapped 
Fukaya category. 

The operations in symplectic cohomology and the morphisms in the Fukaya cate- 
gory are defined using counts of pseudoholomorphic curves /: C — > U weighted by 
exp(27ri j c /*(B + iu)). (In general one must work over a Novikov ring to avoid con- 
vergence issues, however we expect this is not necessary in our case because U is the 
minimal resolution of an affine surface, see Lemma [5.91 ) 

In the presence of a B-field the objects of the Fukaya category are generated by 
Lagrangians together with a complex vector bundle with unitary connection having 
curvature -2tuB. See |AKO06j . §4. 

Remark 0.11. In general the fiber X — X s has Du Val singularities (that is, quotient 
singularities C 2 /G for G C SL(2, C) a finite subgroup). In this case we regard X as an 
orbifold and define D(X) as the bounded derived category of coherent sheaves on the 
orbifold. Equivalently, we can replace X by its minimal resolution |BKR01j . 

Let SH*{U) denote the symplectic cohomology of (U, B + iu>) |S08a] . [RT0] . There is 
a C-algebra homomorphism (the "open-closed string map" ) 

SH*(U) ->• HH*(D n F WT (U)) 

from the symplectic cohomology of U to the Hochschild cohomology of its wrapped 
Fukaya category, which is conjectured to be an isomorphism (under slightly more re- 
strictive conditions than considered here), see |S02j . Conjecture 4. Since HH*(D(X)) = 
HH*(X), HH°(X) = H°(X, Ox), and "Hochschild cohomology is an invariant of trian- 
gulated categories" , if the open-closed string map is an isomorphism and Conjecture 10. 91 
holds, we find 

Conjecture 0.12. There is an isomorphism of 'C- algebras 

SH°(U) ~H°(X,O x ). 
That is, the mirror X of (U, B + iu) may be constructed as 

X := SpecS7f (C/). 
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0.5.2. The negative semi-definite case. Suppose that D C Y is a cycle of (— 2)-curves. 
Replacing (Y, D) by a deformation equivalent pair, we may assume that the normal 
bundle of D C Y is trivial. (Such pairs form a divisor in the moduli space.) Then Y 
admits a holomorphic elliptic fibration w: Y — > P 1 such that D = w~ 1 (oo). Let B + iu 
be a complexified Kahler form on Y. Write U = Y \ D = u> _1 (C). Let J^S^U, w) de- 
note the Fukaya-Seidel category of vanishing cycles for the proper symplectic fibration 
w : (U,(B + iu)\u) -> C, see |AKO06] . [S09b] . 

Let X/S' be the mirror family constructed from (Y,D) as described in §0.2[ with 
fibrewise compactification (Z,V)/S'. Here S' — {\z D \ < 1} C S is an analytic neigh- 
bourhood of the zero- dimensional torus orbit in S = SpeckfP]. Let s = exp(27rz(B + 
iu)) G S', and let X := X s , (Z,E) := (Z S ,T) S ) denote the fibers over s. Then Z is a 
del Pezzo surface, E C Z is an anticanonical smooth elliptic curve, and X = Z\E. 

Conjecture 0.13. There is an equivalence of triangulated categories 

FS{U,w) ~ D(Z). 

Assuming Conjecture 10.201 below concerning the periods of the family X/S', Con- 
jecture ELT3] is an easy consequence of the main theorem of |AKO06j . (One just has to 
check that the mirror map in |AKO06] agrees with the map s = exp(2-iri(B + iu)) used 
here.) 

Remark 0.14. In |AKO06] an equivalence of categories was established between the 
Fukaya-Seidel category of (U, w, B + iuS) for B + iuj a complexified Kahler form on U 
and the derived category of a noncommutative del Pezzo surface. In our approach the 
class [B + iu] lies in the image of H 2 (Y, C). These are precisely the cases for which the 
mirror is commutative. 

One can define the wrapped Fukaya category D 7r J r WT (U, w) for (U, w, B + iu). Here 
to define the morphisms we use the Hamiltonian vector field associated to H = h(\w\) 
where h(t) grows sufficiently fast as t — > oo. See |A09] . §5.2 and |KKP08j . §4.5. The 
wrapped Fukaya category D 7r J r wr (f/, w) can be constructed from the Fukaya-Seidel 
category FSiJJ, w) by localization of a natural transformation 

a — > id, 

where a is determined by the monodromy of the fibration w at infinity and, according 
to a conjecture of Kontsevich, a [2] is the Serre functor of TS(U, w), see |S09aj . §4. This 
is mirror to the construction of the derived category D(X) from D(Z) by localization 
of the natural transformation 

(•) ® K z -> id 
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given by a denning equation for the boundary divisor E C Z. See |S08bj . §1 and §6. 
So Conjecture 10.131 suggests the analogue of Conjecture 10.91 

Conjecture 0.15. There is an equivalence of triangulated categories 

D«F wr (U,w)~D(X) 

0.5.3. Y is a del Pezzo surface. Now assume that Y is a del Pezzo surface, that is, 
— Ky = D is ample. Let $j := i? v<) % = 1, . . . ,n be the global theta functions on X 
given by Theorem 10.11 Let W :— + - • •+^ n : X — > C, the Landau-Ginzburg potential. 

Let B + ibj be a complexified Kahler form on Y and D n J 7 (Y) the Fukaya category 
of (Y, B + iw). Let s = exp(27ri(B + ioj)) and X = X s . Let _Dsi ng (X, H 7 ) be the derived 
category of singularities of W : X — > C |Or04] . 

Conjecture 0.16. ^ssnme — iTy is ample. Then D^FiY) ~ D s - mg (X, W). 

Remark 0.17. There is ongoing work of Auroux, Katzarkov, Orlov, and Pantev related 
to Conjecture EM |AKO06j , [P09] . 

Remark 0.18. If —Ky is not ample (more specifically, if there exist components D L 
of the boundary D such that —Ky ■ Di < 0) then the correct superpotential includes 
terms corresponding to stable maps of holomorphic disks containing components of the 
boundary in their image. See e.g. [A09J, §3.2 for the toric examples Y = F 2 ,F 3 . Our 
construction does not account for such maps. 

Let Sing(W / ) C X denote the scheme theoretic singular locus of W : X — > C, that is, 
the closed subscheme defined by (dW = 0). Let J(X,W) = r(Osi ag w)i the Jacobian 
ring of W: X — > C. Assuming Conjecture 10. 16} passing to Hochschild cohomology, 
assuming Kontsevich's conjecture |K95j identifying the Hochschild cohomology of the 
Fukaya category with the small quantum cohomology, and using the identification of 
the Hochschild cohomology of Dsi ng (X, W) with the Jacobian ring |D09j . we obtain 

Conjecture 0.19. Assume —Ky is ample. Then there is an isomorphism ofC-algebras 

J(X, W) ->■ QH*(Y,B + ico) 

from the Jacobian ring ofW:X^-Cto the small quantum cohomology ring o/(Y,B + 
iu), given by 

#i H> [Di]. 

In particular, 

W i — y -[K Y ]. 

Conjecture I0.19l holds if Y is toric by [B93J. We have verified Conjecture 10.191 in the 
case (y, D) is a cubic surface together with a triangle of (— l)-curves and B + iuj is 
generic (joint work with A. Oblomkov). 
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0.5.4. Periods. We expect that the natural toric monomials on our base S = Spec k[NE(Y")] 
are canonical coordinates in the sense of mirror symmetry, i.e., given by periods of the 
natural holomorphic 2-form on the mirror family. In Part II we will prove this when 
D is not negative semi-definite. 
Write 

Q:= (D 1 ,...,D n ) ± cH 2 (Y,Z). 

We have an exact sequence 

->• Z -»■ H 2 (U,Z) Q ->• 0. 

The kernel is generated by the class 7 of a real 2-torus in U which may be described 
explicitly as follows. Let p G D be a node, and identify the germ (p G Y,D) with 
(0 G C 2 . , V{z\Z 2 )). Then 7 is the class of the compact torus (\zi\ = \z 2 \ — e) C (C*) 2 
(the orientation is determined by the choice of cyclic ordering of the components of 
D). 

The surface U admits a C°° real 2-torus fibration f-.U—tB with ordinary (Lef- 
schetz) singularities over a disk B, with fiber class 7. (If p: (Y,D) — > (Y, D) is a 
blowdown to a toric surface together with its toric boundary then / can be obtained 
by modifying the smooth fibration of Y \ D = (C*) 2 given by the quotient by the 
compact torus (S 1 ) 2 C (C*) 2 , cf. |S03] . We can always reduce to this case by Proposi- 
tion OS) 

Assume that D is not negative definite, so that our formal family extends to a 
family X/S' over an open analytic subset S' of S = SpeckfP]. Let S'° C S' denote 
the locus of smooth fibers. One can show that a smooth fiber X s of X / S' admits a 
dual torus fibration f:X s —tB. (This is a topological version of the SYZ description 
of mirror symmetry.) The torus fibration of X s is obtained as a deformation of the 
(singular) torus fibration of the vertex V n given by the quotient by the compact torus 
(S 1 ) 2 C (C*) 2 on each component C 2 . We let 7^ G H 2 (X S ,Z) denote the class of 
the torus fiber. (One can use the T D action to show that the class 7 S is monodromy 
invariant.) 

Since we are in dimension 2, we have 

R fs^Ei = (JJ^/^Zi)* = Pi} fiJZ. 
using Poincare duality on fibers of /. This gives an identification 

H 2 (X 8l Z)/(j 8 ) = H 2 (U,Z)/('y) = Q. 

The dualizing sheaf ojx/s °f the family X/S' is trivial, see Proposition 12.361 More- 
over, as discussed in §0.21 the family has a fibrewise compactification (Z,V)/S' such 
that (jJz/s(/D) is trivial. Let Q be the global section of uz/si^) such that J Q = 1 
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for each s G S'°. Thus the restriction of Q to each smooth fibre X s is a nowhere zero 
holomorphic 2-form with simple poles along V s , normalized so that f Q — 1. For 
G H 2 (Y,Z) we write z 13 G k[NEY] for the corresponding monomial. 

Conjecture 0.20. The local system 

S'°3s^H 2 (X s ,Z)/( ls ) 

has trivial monodromy. 

Identify H 2 (X s ,7j)/ (is) = Q as above. Then, for each (3 G Q, writing (3 G H2(X S ,Z) 
for a lift of f3 G Q, we have z 13 = exp(2ni fa Q). 

The functions exp(27ri JsQ), (3 G Q are the so-called canonical coordinates on the 
complex moduli space of the surfaces X s associated to the large complex structure limit 
s -> G S'. 

Recall that the family X / S 1 is equivariant for the action of the torus T D . We have 
the exact sequence 

-> Q -> H 2 (Y, Z) Z n , H 2 (Y, Z)3P^(P- A)Li 

and so, applying Hom(-,C*), the exact sequence of tori 

T D — >■ Ty — >■ Hom(Q, C*) -»■ 0. 

The torus Hom(<5, C*) is the period domain for the variation of mixed Hodge structure 
given by H 2 (X S ), and local Torelli holds. See [L81j . II. 2. 5 and |F83b] . So (assuming 
Conjecture I0.20p the family X/S' induces a versal deformation of each smooth fiber. 

0.6. Overview of the proof. We will now give a fairly detailed sketch of the proofs 
of Theorem 10.11 and Corollary 10.51 It may be helpful to read this section in conjunction 
with the body of the paper: we shall occasionally use notation introduced there. 

0.6.1. The SYZ picture of Mirror Symmetry. Much of what we do in this paper, fol- 
lowing the philosophy of the Gross-Siebert program, is to tropicalize the SYZ picture 
|SYZ96j . Thus it is helpful to review informally this picture in the context of mirrors 
to pairs (Y, D). The SYZ picture will be a heuristic philosophical guide, and hence we 
make no effort to be rigorous. Here we follow the exposition from [A07j concerning 
SYZ on the complement of an anti-canonical divisor, itself a generalization of ideas of 
Cho and Oh for interpreting the Landau-Ginzburg mirror of a toric variety in terms 
of counting holomorphic Maslov index two disks [CO06] . For the most part we follow 
Auroux's notation, except that we use Y instead of his X, and our X is his M. 

Recall that (Y, D) is a rational surface together with D an anti-canonical cycle of 
rational curves of length n. We fix a symplectic form u on Y, and a nowhere vanishing 
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holomorphic 2-form Q on U := Y \ D. Now suppose we have a fibration f:U—>B 
by special Lagrangian 2-tori (i.e., a general fibre L of / satisfies Imf2|i = uj\l = 0). 
Then the SYZ mirror X of (U, u) is the dual torus fibration f-.X—^B. This can be 
thought of as a moduli space of pairs (L, V) consisting of a special Lagrangian torus L 
in U (a fibre of /) equipped with a unitary connection V modulo gauge equivalence (or 
equivalently a holonomy map holy : Hi(L,Z) — > U(l) C C*). The complex structure 
on X is subtle, specified by so-called instanton corrections. 

In this picture we can define local holomorphic functions on X associated to a basis 
of H2(Y, L, Z) (in a neighbourhood of a fibre of / corresponding to a non-singular fibre 
L of /) as follows. For A E H 2 (Y, L, Z) define 

(0.6) z A := exp ^-2tt J uA hol v (<9A) : X -» C*. 

By choosing a splitting of H2(Y,L, Z) -» Hi(B, Z) we can pick out local coordinates 
on X which define a complex structure. See |A07j . Lemma 2.7. Note that as the 
fibre L varies, the relative homology group H2(Y, L, Z) forms a local system over Bq C 
£?, where B is the subset of points with non-singular fibres. This local system has 
monodromy, and as a consequence, the functions z A are only well defined locally. 

However, there are also well defined global functions, . . . , d n on X. These are de- 
fined locally in neighbourhoods of fibres of / corresponding to fibres of / not bounding 
holomorphic disks in U, via a (rough) expression 

(0.7) £ n p z p , 

/3eH 2 (Y,L,Z) 

where np is a count of so-called Maslov index two disks with boundary on L representing 
the class /3 and intersecting D in one reduced point lying in Di. (We note that in our 
setting the Maslov index \x of a holomorphic disk / : A — > Y with boundary lying on a 
special Lagrangian torus L G Y is given by \i — 2degf*D. See |A07j . Lemma 3.1.) In 
the case that D is ample, there are, for generic L, only finitely many such disks; it is 
not known how to treat the general case in this symplectic setting. 

For di to make sense the moduli space of Maslov index 2 disks with boundary on L 
must deform smoothly with the Lagrangian L. This fails for Lagrangians that bound 
holomorphic disks contained in U (Maslov index zero disks). This is a codimension one 
condition on L, and thus defines canonical walls in the affine manifold B. When we cross 
the wall the di are discontinuous. But the discontinuity is corrected by a holomorphic 
change of variable in the local coordinates z?, according to [A07] . Proposition 3.9: 

(0.8) zP^zP- h(z a ) m - [9a] 
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where here a G H2(Y, Lo,7*) represents the class of the Maslov index zero disk with 
boundary on Lq a Lagrangian fibre over a point on the wall, and h(q) is a generat- 
ing function counting such holomorphic disks. Thus we can define a new complex 
manifold, with the same local coordinates, by composing the obvious gluing induced 
by identifications of fibres of the local system on B Q with fibres H2(Y, L,%) with the 
automorphism (IQ.Sp . These regluings are the instanton corrections, and the modified 
manifold X should be the mirror. By construction it comes with canonical global 
holomorphic functions In particular, the sum W = Yli^i * s a wen defined global 
function, the Landau-Ginzburg potential. 

0.6.2. The proofs. Let us consider first the well-known case that (Y, D) is toric, so that 
U := Y \ D is the structure torus G^. Then the SYZ fibration is smooth, and U does 
not contain any Maslov index zero disks bounding a fibre. Thus there are no instanton 
corrections. So in this case the naive description of X as a moduli space of Lagrangians 
with U(l) connection is correct on the nose. There is a standard description of the 
mirror of a toric variety, due to Givental |Giv] . which is really a simple instance of a 
fundamental construction of Mumford (with origins in his toric description of the Tate 
curve). Here the integral afline manifold B = B(y,D) constructed in §0.3.11 is just M 2 
and £ is the fan defining ip. Suppose we fix the symplectic form u to represent the 
first Chern class of an ample line bundle on Y. This specifies, up to a linear function, 
if : B — > K a strictly convex S-piecewise linear function with integral slopes. Let 
QcP:=BxKbe the set of points on or above the graph of tp. The polyhedron Q is 
preserved by translation by lR>o acting on the second factor, and so the polarized toric 
variety X associated to Q (which in this case is afline as Q is in fact a cone) comes 
with a map / : X — > A 1 . The special fibre is V n and the other fibres are (G m ) 2 . 

Let Vi G B be the primitive generator of the ray of E corresponding to D; t C D. 
Define i?j to be the monomial ^fa'^w). i n the case that Y is Fano, it follows from the 
work of Cho and Oh |CO06] that the restriction of i?j to the fibre /~ 1 (1) coincides with 
the function defined in (10 .7p . If Y is not Fano, then (10. 7p will contain some corrections 
from degenerate Maslov index two disks with components contained in the boundary. 

This gives one family for each ample divisor, but it is more convenient to put these 
all together in one family, as Givental did, giving a single family X — > Spec(k[NE(Y)]), 
analogously defined in terms of a canonical (up to linear functions) strictly convex 
S-piecewise linear function 

<p: B H 2 (Y,R). 

Full details are given in §1.21 

Now we look for an analogous family in the general case. We have already gener- 
alized ( §0.3. ip the toric fan corresponding to the pair (Y,D) to the data (_B,E), with 
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B = B(y,d) integral linear with a singularity at the origin. The input for the Mumford 
construction, the canonical piecewise linear function ip, generalizes in an obvious way, 
and if we remove the singular point G V n there is a straightforward naive generalisa- 
tion of Mumford's family, a (formal) deformation of V° := V n \ {0} parameterized by 
Spf (k[NE(y)]), the formal completion of the toric variety Speck[NE(F)] at the unique 
zero-dimensional stratum of the boundary. (As usual in this introduction, we will as- 
sume that NE(Y) is a finitely generated monoid; more generally, we replace NE(Y) by 
a finitely generated monoid containing it). This naive deformation can be described 
via a simple open cover, as follows. 

First note that V° has a natural cover by open sets U := {xi ^ 0} C V n isomorphic 

to 

Ui = V(x l . 1 x i+1 ) C A 2 X ._ UX . +1 x (G m ) x . 
which are disjoint except for 

U iti+1 :— Ui n U i+1 = (&m)l i ,x i+1 - 

In V n they are glued in the obvious way, i.e., via the canonical inclusions 

Ui, i+1 = {x i+1 ^ 0} C Ui, U i>i+1 = {xi ^ 0} C U i+1 . 

The formal deformation is obtained by gluing thickenings of the U 

(0.9) Ui,j := {x^x i+1 = z^x; D <} cSjX A 2 Xi _ 1>Xi+1 x (G m ) Xi 

where z^ D ^ E k[NE(F)] is the corresponding monomial. Here / C k[NE(F)] is a mono- 
mial ideal with \fl = m the maximal monomial ideal, and Sj = Spec(k[NE(y)]/7). 
The overlaps are relative tori, U^i + ij = Si x G^, and the gluings are the obvious ones. 
The details (including a coordinate free description) are given in §2.11 This naive gen- 
eralization is directly analogous to the naive description of (an open subset of) the 
mirror as the moduli of smooth special Lagrangian fibres with U(l) connection. 

Next, there is a natural way of translating the instanton corrections. The analog of 
the scattering walls and the attached generating functions for associated holomorphic 
disks in U is our canonical scattering diagram, see §0.3.21 and §2.21 As in |GPS09] , one 
is able to replace the non-algebro-geometric notion of holomorphic disk with, roughly 
speaking, finite maps A 1 — > U. Intuitively, each holomorphic disk contributing can be 
approximated by a global rational curve (meeting D in a single point). 

This intuition leads to the scattering diagram D of (10. 4p . The scattering diagram 
gives the set of walls described in the symplectic setting in §0.6.11 In a sense, our 
picture can be viewed as an asymptotic version of the chamber structure which would 
appear in the symplectic setting. For example, B has only a single singularity at the 
origin, but the more natural picture of having a base of the SYZ fibration with many 
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simple singularities can be recovered by perturbing the single singularity of B. Our 
scattering diagram D can then be viewed as a limit of diagrams, where each diagram 
is a union of tropical disks with leaves at the simple singularities. The diagram T) can 
then be viewed as a natural limit of diagrams defined tropically. 

We now modify our naive generalization of Mumford's family by exactly the same 
coordinate transformations ( 10. 8p . This procedure is carried out for a general scattering 
diagram, in §2.21 In this way we obtain a modified family X° (referred to as X°j, in the 
main body of the paper, where D is the scattering diagram). This is a flat deformation 
of V°, the punctured n-vertex, over Speck[NE(Y)]/i\ Now we want to extend this 
modified family to a flat deformation of V n . By some standard commutative algebra 
(see Lemma I2.34p it is enough to find lifts to Xj of the canonical coordinate functions 
Xi on V n . Then these coordinate functions give embeddings Xj °->- A n x Sj, and we 
obtain Xj by taking the closure in A n x Sj. 

There is in fact a canonical choice of lift, suggested by the symplectic heuristic. The 
natural global functions in the symplectic heuristic are the functions di of (10. 7p . This 
admits a natural translation into tropical geometry. We use the notion of broken line, 
introduced in |G09] to construct the full Landau- Ginzburg potential for the mirror of 
P 2 . 

A rough definition of broken line has already been given in Definition I0.6j see Defi- 
nition 12.221 for a precise definition. The underlying piecewise straight path represents 
a tropical Maslov index two disk. While the path itself is not a tropical curve (there is 
no balancing condition at the bends), we can produce one by, for each bending point 
b of the broken line, gluing on the line segment 06. Recall any bending point lies on a 
ray of the scattering diagram — this ray represents the tropicalisation of an A 1 -curve. 
Heuristically we imagine that a subset of this A 1 -curve is a Maslov index zero holomor- 
phic disk with boundary on the SYZ fibre L b . The line segment 06 C B represents the 
tropicalisation of this disk. Having glued on these line segments, the bending in the 
definition of broken line yields the usual tropical balancing condition at vertices, and 
the resulting tree is viewed as the tropicalization of a Maslov index two holomorphic 
disk with boundary lying in the SYZ fibre over the endpoint of the broken line. This 
Maslov index two disk is approximated by taking a cylinder over each line segment of 
the broken line, and gluing on the appropriate disks at each bend. The attached data 
Pi of Definition 10.61 (or equivalently qi of Definition 12. 22f) is analogous to the relative 
homology class G H 2 (Y,L). The transformation rule for p^ when the path bends is 
analogous to the change in this class coming from gluing on Maslov index zero disks. 
The coefficients keep track of the actual count of such disks; this count can be viewed 
as a generalization of the usual Mikhalkin tropical multiplicity formula |Mk05] . 
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Our theta functions are denned in local charts as sums over monomials attached to 
broken lines: this is the expression Liftg(g) of Equation (12. 131) . and is exactly analogous 
to the canonical global functions of (10 .71) . Now to complete the construction we have 
to prove that these local expression patch, i.e., transform under change of local variables 
according to the wall-crossing maps determined by the canonical scattering diagram 
D. If this is the case, we say that 2) is consistent, see Definition 12.321 Of course 
this is a completely natural expectation — our scattering diagram is motivated by 
the scattering walls of the heuristic discussion, and the associated automorphisms are 
exactly defined so that the local expressions for the di patch together. But this is only 
heuristic reasoning, and our actual proof of consistency proceeds along quite different 
lines. 

We assume now for simplicity that we have a toric model Y —t Y . The broken 
lines of |G09j were defined in a case where the integral affine manifold B is smooth. 
In our situation, B(y,d) = ^ 2 nas no singularities (in fact smoothness of B exactly 
characterizes toric pairs, see Lemma [TT3]) . The analogous consistency result was proven 
there for a scattering diagram which had a natural compatibility. This compatibility 
stated that the composition of scattering automorphisms for a small loop around any 
point (see Definition 13 .231 for the precise notion of path-ordered compositions) is trivial. 
A cleaner proof of this consistency was given in |CPS] , not using the specifics of the P 2 
situation used in |G09j . Our strategy is to reduce our consistency question on -B(y,d) 
to an analogous question on B(y,D)i an d then apply the method of |CPS] . 

The existence of the toric model p : Y — > Y allows us to define the Gross-Siebert 
locus: let G be the monomial ideal in k[NE(V)] generated by classes which are not 
contracted by p. Then G defines a toric boundary stratum of Spec(k[NE(y)]); the big 
torus orbit T of this stratum is what we call the Gross-Siebert locus. If J is a monomial 
ideal with y/j = G, we obtain a thickening Tj C Sj of the Gross-Siebert locus, and 
then will construct an extension of the family Y n x T to a flat family over Tj. We call 
this the Gross-Siebert family. 

This is related to the construction of |GS07] as follows. A divisor L = p*A for A 
an ample divisor on Y induces a map A 1 — > Speck[NE(F)] with G A 1 mapping into 
T. Pulling back the family we construct to the completion of A 1 at gives a family 
constructed using the techniques of |GS07j . 

We construct the Gross-Siebert family as follows. Restricting [GS07j to the case at 
hand, |GS07j applies only to affine surfaces with very specific types of singularities, and 
not of the type that -B(y,D) has at the origin. Rather, all singularities must appear in 



the interiors of rays of the fan on B, and must have monodromy of the form 
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for some k > 0, with the ray being the invariant direction; in analogy with the Kodaira 
classification, we call this an If. singularity. Indeed, one expects a cycle of k two-spheres 
as fibre over such a point in the SYZ picture. 

Here, we can view such a surface as being obtained by factoring the complicated 
singularity G B into I\ singularities along the edges of S, one for each exceptional 
divisor of p : Y — > Y, by moving worms (in the terminology of [KS06j ). We describe 
the process in Example II . 101 Let B' be the manifold so obtained, choosing arbitrarily 
the position of each Ii singularity along its corresponding edge. If we now push the 
Ii singularities to infinity (along their invariant directions, which correspond to the 
rays of the toric fan for Y) we obtain the toric fan £ y for Y in B(y,D) = The 
Gross-Siebert deformations are built using a scattering diagram, D', constructed by 
translating one of the key ideas from |KS06j . In particular, there is an algorithm for 
the construction of 2)', which we now outline. 

Let us explain the initial input to the algorithm. If B' had no singularities, then D' 
is empty and one obtains a Mumford deformation in a straightforward way. Locally 
near a ray p of B', one can view this deformation infinitesimally simply by gluing 
together two standard thickenings of A 1 x G m to obtain the set U^j given in (10.91) . 
However, if instead B' is singular, say with k I\ singularities on a ray of B', then 
while the thickenings of the irreducible components are canonical (still the irreducible 
components of U it j), the gluings are not, as the gluing depends on a path chosen 
connecting the two maximal cells of B' containing the given edge: see |GS08j . §2.3 
for a detailed discussion of this phenomenon. In particular, the choice of path gives 
different choices for U^f. if one glues using a path which crosses p very far from the 
origin, so that all the singularities lie between this crossing point and the origin, then 
the naturally induced gluing yields the choice ( 10.91) for the glued patch. On the other 
hand, if one glues using a path which crosses p near the origin, so that there are no 
singularities between this crossing point and the origin, then one obtains a chart 

Kj '■= = z [Dl] x; Dhk } GSjX A 2 Xi _ uXi+i x (G m ) Zj . 

This ambiguity needs to be dealt with. The suggestion originally made by Kontsevich 
and Soibelman in |KS06j was to let rays emanate from the singularities. These rays 
carry gluing information in the form of a function which determines an automorphism. 
Then when we try to glue two afline pieces together, we need to modify the standard 
gluing using these automorphisms. In our case, each singularity has two rays emanating 
from it. Because the automorphisms associated to these can rays differ, it is possible 
to choose these automorphisms in such a way that the effect of monodromy about the 
singularity is cancelled out. 
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In our case, these modified gluings yield a modification of the U^j of (10. 9ft : 
(0.10) U hJ = V( Xi _ lXi+1 - z™x7 D > JJ(1 + z^x- 1 )) GSjX A 2 Xi _ i>Xi+i x (G B )„. 

3 

Here are the exceptional divisors ((— l)-curves) for the corresponding toric model 
p : Y — > Y which intersect the boundary divisor D; C D. The basic problem in 
this approach is that in order to ensure compatible gluings, these rays need to extend 
indefinitely. When rays collide, one obtains new compatibility problems because the 
associated automorphisms in general fail to commute. This fundamental problem was 
solved in |KS06j . where a canonical procedure for adding new rays to restore com- 
patibility is introduced. This key idea is stated in Theorem 13.241 The Gross-Siebert 
deformation is obtained using the diagram D' which is the output of this procedure 
applied to D' , the scattering diagram consisting of the rays emanating from the sin- 
gularities of B' . In fact in our argument, we never work on B', but rather imagine the 
singularities go off to infinity, yielding the smooth manifold B^ y ,d) = The limit of 
D' (which we call 2)o) on B(y,D) nas only the rays emanating from the singularities 
(now at infinity) heading towards the origin. These rays now come in from infinity. 

The diagram D' satisfies the necessary compatibility to build an actual deformation, 
but its role for mirror symmetry was unclear. The meaning of D' was clarified by 
|GPS09] . The main result of that paper is a description of D' in terms of relative 
Gromov-Witten invariants. In particular, D' can be constructed by counting rational 
curves on a toric variety (Y, D) meeting the toric boundary at a collection of prescribed 
points, plus a single extra contact at an unspecified point. More precisely, these invari- 
ants involve counting curves on the blow-up of Y at the prescribed points, and these 
curves are precisely the A 1 -curves mentioned earlier. Thus the repackaged result of the 
Kontevich-Soibelman scattering process is our canonical scattering diagram D. This 
is the translation into algebraic geometry of the collections of walls and generating 
functions determined by Maslov index zero disks. Thus starting with the simple input 
diagram the Kontsevich-Soibelman procedure produces the diagram one expects from 
the symplectic heuristic. 

Given this, we prove consistency of D, which is a question of equality of functions 
defined to arbitrary order, after restricting to the Gross-Siebert locus. If we move the 
singularities to infinity, D' induces a diagram 3 on R 2 = B^y ^, which, by construction, 
satisfies the local consistency condition required for patching. Now we reduce the 
patching question for the canonical diagram on B(y,d) to T) on Bf Y m. The identity 
map on the underlying topological spaces gives ZPL identifications v : B — >■ B' — > B. 
This allows us to compare the scattering diagrams, D, D' and 2) (which lie on different 
affine manifolds). The scattering diagrams, or more precisely, the functions attached 
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to rays, are not identified by u, see Proposition 13.261 This is clear since the starting 
diagram D' changes as we move worms. Nonetheless v induces a bijection on broken 
lines, see Lemma [3.301 

This bijection between broken lines allows us to reduce consistency for D on B(y,d) 
to consistency for ID on B(y,D)i an d so to the method of |CPS] . This completes the 
construction of the family in Theorem 10.11 

Remark 0.21. We take this as an indication that it is the collection of broken lines, 
rather than the scattering diagram, which is the essential object. We will show in a 
future paper |K3] that in the global K3 context the analog of broken lines are similarly 
independent of moving worms. Here the invariance is more striking, as the underlying 
scattering diagrams can be quite wildly different. This is the key fact that will allow 
us to glue together deformations of the global analog of the n- vertex constructed from 
different semi-stable models for the mirror degeneration, to produce a canonical defor- 
mation, with accompanying theta functions, depending only on the generic fibre of the 
mirror degeneration. 

We conclude this overview by explaining how Looijenga's conjecture follows naturally 
from the construction of the mirror family. The point is that we can extend our 
construction (from the formal completion over the maximal ideal) to give a family over 
the formal completion along most of the toric boundary. In particular, let / : Y — > Y' 
be the contraction of the cusp, and let If C k[NE(Y)] be the ideal generated by the 
monomials z c for curves C not contracted by /. Let T 2 be the corresponding stratum 
of Spec C[NE(Y)], and assuming there is a toric model p : Y — > Y, let T\ be the 
closure of the Gross-Siebert locus. We extend our family over the formal completion 
along (Xi U T 2 ) fl S' for an open analytic neighbourhood S' of the torus fixed point 
of Spec C[NE(Y")]. Informally, the reader should imagine that we have a holomorphic 
family defined in a tubular neighborhood of the union of these two strata. 

From the explicit charts for smoothings around the Gross-Siebert locus, one can 
show that this family contains formal smoothings. This can be done because these 
deformations can be described via local charts that cover all of Y n . Indeed, the com- 
plement of the origin is covered by the charts given by (10.101) . while a neighbourhood of 
the origin in fact is described purely torically and is locally isomorphic to a Mumford 
degeneration. From these explicit charts it is obvious that these are smoothings. Thus 
by considering the Gross-Siebert locus, we conclude the "generic fibre" of our family is 
smooth. (Here we use quotes because, as our family is only formal, we do not actually 
have a generic fibre, but there is a natural formulation, in terms of the scheme-theoretic 
singular locus of the map, which makes sense). See §4.31 
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Next we consider the family over the locus T 2 , defined by the ideal If. From the naive 
charts above it is easy to guess the singularities of the fibre of our family over a generic 
point of the boundary stratum T 2 . The local charts (10.91) covering V° are correct, and 
we only modify the gluing. Since the monomials z Di do not lie in the ideal If, they are 
in fact invertible generically along T 2 . Thus from (I0.9P we see that the double curves of 
V° are smoothed, and so the fibre has at worst normal Gorenstein SLC singularities. 
Furthermore, our scattering diagram is defined in terms of A 1 -classes — none of these 
are contracted by /, and thus modulo the scattering automorphisms are trivial. One 
can then show that our family over the open torus orbit of T 2 (intersected with S') 
specializes to Hirzebruch's original quotient construction for the dual cusp to the cusp 
of Y'. See Example II. 91 We carry this out in §H We will see this part of our family — a 
partial smoothing of V n to the dual cusp — is obtained from the purely toric M umford 
construction, modulo a natural Z-action. As we have already seen our "generic fibre" 
is smooth, so in particular the cusp is smoothable. If our family were holomorphic, 
defined over a tubular neighborhood of the toric boundary, this implication would be 
obvious. Because we have only formal families the details are a bit more delicate, see 

S3 

Similar constructions to ours appeared in the physics papers [GMN1] . |GMN2j . and 
|GMN3j . which are in part concerned with a construction of a family of complex man- 
ifolds over P 1 , the twistor family of some underlying hyperkahler manifold. The con- 
struction depends on some additional data which is natural from the point of view of 
supersymmetric field theory, but is not a priori available in our context; nevertheless 
it turns out that some of the spaces we discuss also appeared in these papers In these 
cases: The restriction of the main construction of [GMN1] to any single fiber of the P 1 
family (excluding the fibers over and 00) is equivalent to the gluing we use. Canonical 
functions identical (we believe) to our theta functions also appeared in |GMN3j . as line 
operators in a certain supersymmetric four- dimensional field theory. In |GMN2j . where 
the hyperkahler manifold in question is Hitchen's integrable system, the line operators 
are traces of holonomies around loops as in the Fock-Goncharov theory (which |GMN2j 
in part follows). 
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1. Basics 

1.1. Tropical Looijenga pairs. We recall the following basic definition. Fix a lattice 
M = Z n . In what follows, we will always use the notation = M ®i R, N — 
Hom z (M, Z) and JV K = N (g) z E. We denote by Aff(M) the group of affine linear 
transformations of the lattice M. 

Definition 1.1. An integral affine manifold B is a (real) manifold B with an atlas of 
charts {-0; : Ui -> Mr} such that ipi oifj' 1 e Aff(M) for all 

An integral affine manifold with singularities B is a (real) manifold B with an open 
subset Bq C B which carries the structure of an integral affine manifold, and such 
that A := B \ B , the singular locus of B, is a locally finite union of locally closed 
submanifolds of codimension at least two. 

An integral affine manifold with singularities is (oriented) integral linear if the tran- 
sition maps of the atlas lie in SX n (Z). 

If B is an integral affine manifold with singularities, there is a local system A# 
on Bq consisting of flat integral vector fields: i.e., if yi,...,y n are local integral 
affine coordinates, then A# is locally given by linear combinations of the vector fields 
d/dyi, . . . , d/dy n . If B is clear from context, we drop the subscript B. 

Similarly, A# is the dual local system, locally generated by dy±, . . . , dy n . 

We will be primarily interested in dimi? = 2 in this paper, in which case A will 
consist, in all our examples, of a finite number of points. All integral affine manifolds 
we encounter will in fact be oriented integral linear. 

The fundamental example for this paper is the following. Fix a pair ( Y, D) where 
Y is a rational surface and D = D\ + ■ ■ ■ + D n G | — Ky\ is an anti-canonical cycle of 
rational curves. We associate to this data a pair (B, £), where B is homeomorphic to 
IR 2 with singularity at the origin, and £ is a decomposition of B into cones. The idea 
is that we pretend that (Y, D) is toric and we try to build the associated fan. More 
precisely, the construction is as follows. 
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We will always take D\, . . . ,D n cyclically ordered and indices modulo n, so that 
Di n Dj 7^ if and only if the indices i and j are adjacent in the cyclic ordering of 
1, . . . , n. For each node p^j+i := D^n -Dj+i of D we take a rank two lattice M^+i with 
basis UjjUj+i, and the cone cr iii+ i C M i i+1 Cg> z R generated by Vi and Uj+i. We then 
glue <7ji + i to crj_i t i along the rays pj := M>ofi to obtain a piecewise-linear manifold B 
homeomorphic to R 2 and a decomposition 

£ = {cr M+ i | 1 < % < n} U {p./ | 1 < % < n} U {0}. 

We define an integral affine structure on B \ {0}. We do this by defining charts 
if>i:Ui-> M R (where M = Z 2 ). Here 

Ui = Int((Ti-i t i U o"i,i + i) 

and is defined on the closure of Ui by 

A{vi-x) = (1, 0), = (0, 1), ^K+i) = (-1, -Df), 

with linear on (7j_x,i and «J i)i+1 . 

A coordinate free description of this structure is given by equation (10. 2p in the 
introduction. 

We note this construction makes sense even when n = 1, i.e., the anti-canonical 
divisor D is an irreducible nodal curve. In this case there is one cone cr^i, and opposite 
sides of the cone are identified. (Moreover, the integral affine charts are defined using 
the integer D\ — 2 instead of D\. This is the degree of the normal bundle of the map 
from the normalization of D\ to Y.) However, this case will often complicate arguments 
in this paper, so we will usually replace Y with a surface obtained by blowing up the 
node of D, and replace D with the reduced inverse image of D under the blowup. 
This does not change the underlying integral affine manifold with singularities, but 
refines the decomposition E, exactly as in the toric case. See §1.31 for some elementary 
properties of such toric blowups. 

Example 1.2. It is easy to see that if Y is a non-singular toric surface and D = dY 
is the toric boundary of D, then in fact the affine structure on B extends across the 
origin, identifying (B, E) with (Mr, Ey), where Ey is the fan for Y. Indeed, if pj G Ey 
corresponds to the divisor Dj and pj = M>> Wj with Wj G M primitive, then it is a 
standard fact that 

Wi-i + (Difuii + w i+ i = 0. 

Since Y is non-singular, there is always a linear identification : M ^> Z 2 taking u>i_i 
to (1,0), Wi to (0, 1), and thus w i+ \ must map to (—1, —Df). Thus on Ui, a chart for 
the affine structure on B is ip[ = tpj o ^ : Ui — > Mr. The maps ip[ glue to give an 
integral affine isomorphism B — > Mr. 
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In fact, the converse is also true: 

Lemma 1.3. If the affine structure on Bq = B \ {0} extends across the origin, then 
Y is toric and D = dY . 

Proof. We make use of some elementary results which are proved later in the paper. 
We first note that by Lemma 11.171 we can replace (Y, D) with a non-singular toric 
blow-up without affecting the affine manifold B. By Proposition I1.19[ we can thus 
assume that there is a smooth toric variety Y with toric boundary D along with a 
birational morphism 7r : (Y, D) — > (Y, D) which induces an isomorphism of D with D. 
Now if Di is the image of Di under this map, then Df > Df. 

We first claim that (Y, D) is isomorphic to (Y, D) if and only if equality holds for 
every %. Indeed, if equality holds for a given i, then n can't contract any curves which 
intersect Di. On the other hand, n can't contract any curves contained in Y \ D since 
then D would not be an anti-canonical cycle. 

Now assume that (Y, D) is not toric, so that it is not an isomorphism. Now in 
general, B\p t has a coordinate chart -0 : B \ p\ — y Mr, constructed by gluing together 
coordinate charts for <7i )2 , • . • , 0Vi-i,n> a n,i- Note that Df > Df for at least one i, and 
by choosing p x appropriately, we can assume that this is the case for some % ^ 1. By 
comparing this chart ip with the corresponding chart ip constructed using (Y, D), one 
sees easily that ip{B \ p\) is properly contained in ^(B \ pi) = Mr \ p~\. Here pi is 
the one-dimensional cone in the fan for Y corresponding to D\. In fact, ip(B \ pi) is 
a wedge (possibly non-convex). If the affine structure extended across the origin, then 
i/j would extend to an isomorphism tjj : B — y Mr, which is impossible. □ 

Remark 1.4. The fact that B(y,D) is integral linear, as opposed to just affine, and comes 
divided into cones has a nice parallel in the symplectic heuristic (observed jointly with 
D. Auroux). Returning to the notation of §0.6.11 with special Lagrangian fibration 
/ : U — y B, we can choose the complex structure on (Y,D) so that Im(f2)|[/ is exact. 
Indeed, one can show that if p : Y — y Y is a toric blowup, this exactness holds if and 
only if the blown up points lie in the unit circle of the structure G m of the boundary 
components (up to the action of the big torus of Y). Write Im(J7)|[/ = d'y. Then for 
L = /~ 1 (6), j\l is closed (by the special Lagrangian condition), and thus determines a 
class [jIl] G iJ 1 (L,IR), which is independent of the choice of 7. 

There is a canonical identification of the tangent space to B at b with H 1 ^, M.) using 
the form Im(f2). Given a tangent vector v at b, lift it to a normal vector field v along 
L. Then the contraction (i(v) Im(f2))|^ is a well-defined closed one-form on L, hence 
defining an element of if 1 (L,IR). Thus the restrictions j\l determine a canonically 
defined vector field v on Bq. One can show using the Arnold-Louiville theorem that 
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locally v is flat with respect to a canonical affine flat connection on the tangent bundle to 
Bo, with v locally of the form X^(£/j + c *)<9?/; f° r some constants Cj and affine coordinates 
Hi. From this linearity follows: in a neighbourhood of b e Bq, the vector field gives a 
canonical linear coordinate chart in the tangent space to B Q at b. 

Now we consider the flow of this vector field. The expectation is that the Lagrangian 
over a generic point will flow to a node of D — in this way each node p^j+i = D, L fl 
D i+ i determines a 2-dimensional cone cr^+i C B, while each Di determines an edge 
Pi C B, those points whose associated Lagrangian approaches the interior D° := 
A \ {pi-i,i,Pi, i+ i} of Di. 

We can consider the universal cover q : B — > B \ {0}. This comes with a decompo- 
sition £ into cones minus the origin: 

s = K,+i \ {0} | i e z} u { Pi \ {0} | i e z}. 

In addition S has an integral affine structure pulled back from B \ {0} and a canonical 
Z-action sending cr^+i — > a i+n ^ +n+ i. By patching together integral affine coordinate 
charts, one obtains a canonical (up to integral linear functions) developing map 5 : 
B — > M. 2 , an integral affine immersion. Negativity of the boundary DcFis translated 
into convexity properties of the developing map: 

Lemma 1.5. The developing map 5 is one-to-one if and only if D is negative semi- 
definite. In this case the closure of the image is a convex cone, strictly convex if and 
only if D is negative definite. If the developing map is not one-to-one, then it surjects 
onto M 2 \ {0}. 

Proof. We can assume that D contains no (— l)-curves by contracting such curves. 
This changes £ but not B or its affine structure, by Lemma 11.171 Then D is negative 
semi-definite if D 2 < —2 for all i, and negative definite if in addition D 2 < —2 for at 
least one %. If Df = —2 for all i, then by the construction of the affine structure, the 
developing map, up to an integral linear transformation, identifies B with the upper 
half-plane, with o^j+i identified with the cone generated by (i, 1) and (z + 1,1). If 
D 2 < —2 for some i, it is then clear that the developing map identifies B with the 
interior of a strictly convex cone in IR 2 . 

Conversely, if Df > for some i, then again by the construction of the affine structure 
on B, the image of avi.j U cr^+i under the developing map contains a half-plane, from 
which it follows easily that 5 cannot be one-to-one and is surjective. □ 

The following observation will be needed in a future paper, but for now it illustrates 
the essential difference between these cases. Suppose we have a point x G B , and a 
tangent vector v to B at x. Then there is a ray emanating from x in the direction 
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v, which is a straight line. If the tangent vector points towards the origin, then this 
straight line is just the line segment joining x and the origin. Otherwise, one obtains 
different possible behaviours. For example, in the negative semi-definite cases, by 
considering the above description of the developing map, it is possible that such a ray 
wraps around the origin an infinite number of times. In the best case, this does not 
happen: 

Corollary 1.6. If D is not negative semi- definite, then any such ray in B which does 
not pass through the origin goes off' to infinity in some cone a of X. That is, writing 
7: [0, 00) — y B for an affine parametrization of the ray, we have j(t) G o for t 3> 0. 

Proof. This follows from the fact that 5 is surjective in the non-negative semi-definite 
case, by the previous lemma. □ 

Choose a ray pi in S. Choosing a ray pi in S mapping to pi determines a canonical 
section s : B \ p^ B of q such that the closure of the image is bounded by edges pi 
and p~i+ n . We then obtain an integral affine immersion 5 o s : B \ pi — > M 2 . 

Lemma 1.7. The closure S := (5 o s)(B \ p^ C M 2 is convex (resp. strictly convex) 
if and only if {Ylj^i a jDj)' 2 < for any collection of integers aj (resp. < unless all 
aj = 0). 

Proof. The set S is the support of a fan, Eg, given by the closures of the images under 
S of cones a G S which intersect s(B \ {pi}), along with the faces of these cones. Note 
that unless Y was already a toric variety, S has two boundary edges, images of pi and 
fii+ n . Then defines a toric variety whose toric divisors, excluding the ones given 
by the images of pi and pi+ n , have the same intersection numbers as D i+ x, . . . , D i+n _i, 
by the construction of the affine structure. It is then standard for toric varieties that 
the convexity of S is equivalent to the negative semi-definiteness of the intersection 
pairing of Dj+i, . . . , -D;+„_i and the strict convexity of S is equivalent to the negative 
definiteness of D i+ i, . . . , D i+n ^i. □ 

Example 1.8. Let Y be a del Pezzo surface of degree 5. Thus Y is isomorphic to 
the blowup of P 2 in 4 points in general position. The surface Y contains exactly 10 
(— l)-curves. It is easy to find an anti-canonical cycle D of length 5 among these 10 
curves. 

In this case, consider B \ p\. Each chart ipi : Ui — >■ Mr can be composed with an 
integral linear function on Mr in such a way that the charts ^2, ^3, ^4 and ^5 glue to 
give a chart ijj : B \ p\ — > Mr. This can be done, for example, with 

^(«i) = (l,0), ^ 2 ) = (0,1), ^3) = (-1,1), V(«4) = (-l,0), ^5) = (0,-1). 
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Figure 1.1. 

We can then take a chart ip' : t/5 U U\ — > Mr which agrees with ip on 05 1, and hence 
takes the values 

^> 5 ) = (o,-i), v>i) = (i,-i), 4>'(v 2 ) = (1,0), 

see Figure [T7T1 

Thus 5, as an affine manifold, can be constructed by cutting Mr along the positive 
real axis, and then identifying the two copies of the cone <j\^ via an integral linear 
transformation. 



Example 1.9 (Cusps). The next example is basic to our proof of Looijenga's conjec- 
ture. We begin with background on cusps: By definition, a cusp is a normal surface 
singularity for which the exceptional locus of the minimal resolution is a cycle of ra- 
tional curves. The self-intersections of these exceptional curves determine the analytic 
type of the singularity, see |L73] . Cusps have a quotient construction due to Hirzebruch 
|Hi73] which we explain here. 

Let M = Z 2 . Let T £ SL(M) be a hyperbolic matrix, i.e., with a real eigenvalue 
A > 1. Then T determines a pair of dual cusps as follows: Let wi,W2 £ Mr be 
eigenvectors with eigenvalues Ai = 1/A, A 2 = A, chosen so that w± A w 2 > (in the 
standard counter-clockwise orientation of IR 2 ). Let C,C be the strictly convex cones 
spanned by W\,W2 and u>2, — w±, and let C,C be their interiors, either of which is 
preserved by T. Let Uc, Uc> be the corresponding tube domains, i.e., 

U c := {z £ M c | Im(z) £ C}/M C M c /M = M® G m . 
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T acts freely and properly discontinuously on Uc,Uc>- The holomorphic hulls of 
Uc j (T) , Uc> j (T) are normal surface germs of dual cusps. All cusps (and their duals) 
arise this way. If M is identified with its dual by choosing an isomorphism f\ 2 M = Z, 
the cone C is identified with the dual cone of C. In this way C / (T) and C / (T) are 
dual integral affine manifolds, which suggests the duality between the corresponding 
cusps is a form of mirror symmetry. 

Now suppose for a Looijenga pair (Y,D) that Df < — 2 for all i and D is negative 
definite (which is equivalent to Df < —3 for some i). Then we have a contraction 
p : Y — > Y with Y having a single cusp singularity. By Lemma 11.51 the developing 
map produces an infinite fan £ in a lattice M ~ Z 2 as follows. We take vq, V\ to be a 
positively oriented basis for M ~ Z 2 , and define Vi for % G Z by the relation 

Vi-l + (A 2 mod n) v i + Vi+1 = 0- 

We take the two-dimensional cones of £ to be the cones generated by Vi and Ui+i, % E Z. 
If we define T G SL(M) by T(t> ) = and T(vi) = v n+ ±, then T(t>j) = v i+n for each 
z. Necessarily T is hyperbolic and |E| is the cone C defined above. Then Uc/ (T) is a 
punctured analytic neighborhood of a cusp singularity isomorphic to z := p(D) G Y. 
See jL8l], §111.2. 

Let P G X be the dual cusp, thus the holomorphic hull of Uc/(T). Here we 
provide an alternative formulation of Looijenga's condition on smoothability of P G X 
(i.e., that the cycle of rational curves for the dual cusp occur as the boundary of a 
Looijenga pair) which we can phrase just in terms of the hyperbolic matrix T . We 
claim that Looijenga's condition (that there exists a rational surface Y with anti- 
canonical boundary divisor D which can be contracted to the dual cusp) is equivalent 
to the following: There exists distinct primitive vectors w±, . . . ,w r , spanning rays in 
counter-clockwise cyclic order in M, and positive integers rii, . . . , n r , such that, defining 
T t G SL(M) by 

TiX = x — rii{wi A x)wi, 

we have 

T- 1 = T r ---T 1 . 

That is, there is a factorization of the monodromy matrix T" 1 of Bq := C/(T) into 
matrices Tj conjugate to ^ / ' W ^ ^ e ^ nvar ^ an ^ vectors Wi in anticlockwise 
cyclic order. 

To see this, first suppose given such a factorization. Let S be a complete fan in M 2 
including the rays generated by the Wi together with additional rays so that each cone 
is convex and generated by a basis of Z 2 . Let Y be the associated smooth toric surface. 
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Blowup rii interior points of the boundary divisor corresponding to Wi for each i. Let 
(Y', D') be the pair so obtained. By our assumption the integral affine manifold Bq 
associated to Y' has monodromy matrix T" 1 , so is the integral affine manifold C / (T) 
described above. It follows that D' can be contracted to the dual cusp. 

Conversely, given (Y,D), after a toric blowup Y' — > Y there exists a toric model 
Y' — y Y by Proposition 11.191 So we obtain a factorization of the monodromy matrix 
by the reverse of the above process. 

The factorization determines a topological smoothing of P G X: The projection 

M c -> M M , Oi,z 2 ) ^ (Imzi,Imz 2 ) 

induces an S 1 x ^-fibration f° : X \ {P} -> C/(T). We have B = (C U {0})/(T) = 
(C/(T)) U {0}. /° extends to a continuous map / : I -> 5, P 4 0. Topologically, 
the existence of the above factorisation allows us to deform the singular fibration / to 
a S 1 x if) -fibration with ordinary (Lefschetz) singularities, that is, each singular fibre 
is a pinched torus and the local monodromy is the Dehn twist in the vanishing cycle 
5, acting on HilS 1 x S^Z) by 7 t— > 7 — (5 n 7)5. The monodromy of / at infinity 
(corresponding to the link L of the singularity P G X) is the matrix T _1 , and the 
above factorization is obtained by expressing this in terms of the local monodromies 
around the singular fibres of the deformed fibration. 

The smoothing we construct for P G X in our proof of Corollary 10.51 will induce 
exactly this topological smoothing of /. The factoring of the singularity into simple 
singularities is an instance of the following: 

Example 1.10 (Moving worms). Let p : (Y, D) — > (Y, D) be the blowup at x G Di C Y 
which is a smooth point of D. Let (B, E) and (B, E) be the associated integral affine 
manifolds with fans. The map 

p : B -> B 

which identifies each cone in E with the corresponding cone in E is a ZPL-isomorphism, 
and an isomorphism of integral affine manifolds outside of pi, but it is not affine along 
Pi. There is a natural one parameter family of integral affine manifolds interpolating 
between the two structures by a process Kontsevich and Soibelman |KS06] call moving 
worms. Precisely, choose a point y G p«. Put a new singular affine structure on B by 
defining a E-piecewise linear function to be linear if its restriction to a neighbourhood 
of (y, +00) c Pi is .B-linear, and is 5-linear on B \ [y, +00). Call the resulting manifold 
By. The map p : B y — > B is a linear isomorphism near (indeed off of [y, +00)). This 
new manifold B y has an Ji, or focus-focus, singularity at y, with invariant direction 
Pi, and is non-singular elsewhere. Now under p : B — > B we view an I\ singularity as 
having moved off of G B and migrated to infinity along the ray p^. 
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One can iterate this process. If p is now the blowup at m (for simplicity, dis- 
tinct) points Xij £ Di C Y , all non-singular points of D, we can similarly define an 
m-parameter family of integral affine structures, with each p^ determining an I\ singu- 
larity along pi. For example if p is a toric model, i.e., (Y, D) is a smooth toric surface, 
then we obtain an m-parameter family of structures with m I\ singularities located 
along rays of S, and non-singular elsewhere. In particular the toric model determines 
a factorisation of the singularity B into m simple l\ singularities, and then we smooth 
the manifold by letting these singularities migrate along their invariant direction to 
infinity. 

Moving worms are particularly natural in terms of birational geometry of maximally 
unipotent K3 degenerations. Though it is not needed for the proofs of any of our 
results, we explain this connection, as the underlying philosophy is relevant to our 
proof of Theorem 10.11 

Remark 1.11 (Tropical K3 surfaces). Let p : y — > A be a type III semi-stable degen- 
eration of K3 surfaces. Recall that this means y is a smooth 3-fold, A is an analytic 
disk, p is proper, the generic fibre Y gen is a smooth K3 surface, and the special fibre 
Y is a normal crossing divisor with dual complex By a triangulation of S 2 . Each 
vertex v of By corresponds to an irreducible component Y v C Y which is a rational 
surface with anti-canonical cycle D v := Sing(F) f)Y v . Each edge of the triangulation of 
B corresponds to the intersection of two irreducible components, and each 2-simplex 
corresponds to a triple point of Y. 

Let vqV\V2, vqV\V3 be two triangles of the triangulation of B sharing the edge VqV\. 
We define the affine structure on the union of these two triangles by declaring that a 
piecewise affine function ip is in fact affine if and only if 

{(<p{v!) - ip(v ))D VlVQ + (ip{v 2 ) - ip(v ))D V2Vo + ((p{v 3 ) - ip(v ))D V3V0 ) ■ D VlVQ = 

where D vw for adjacent vertices v,w £ B means the corresponding rational curve 
Y v n Y w C Y w . We use the convention that D vw ■ D v / W is computed in Y w . That this is 
independent of the choice of one of the two vertices on the edge vqVi is equivalent to 
the condition 



which follows from the existence of the semistable smoothing y/A, see, e.g., |F83aj . 
The open star of the vertex v in By (the complement to the union of triangles not 
containing v) can then be identified with an open neighbourhood of the origin in 
B(y v ,d v )> the integral affine manifold with singularities associated to the pair (Y V ,D V ). 





-2, 
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There can be many semi-stable models y — > A with the same generic fibre. Any 
two are related by simple flops. Suppose for example one component Y v C Y contains 
a (— l)-curve, E C Y v not contained in D v C Y v . Then E D D v is necessarily a single 
smooth point. Let C D v be the component containing this point; this is a stratum 
of Y corresponding to an edge cu. Let the second endpoint of oj be w, so that Y w C Y 
is the other component containing D u . Let p : Y v — > Y v be the blowdown. We can 
extend this to p : Y — > Y. Then Y is again normal crossing and .ff -trivial, and its 
dual complex is the same triangulation of By- We can then define as above an affine 
structure on the quadrilateral containing w as a diagonal, using vq = v or vq = w. 
This gives two affine structures, and now, as (11 .11) fails, these affine structures are not 
compatible. If we choose (arbitrarily) a point x G oj, there is a canonical structure 
on this quadrilateral away from x, using the affine structure defined using Vq = v in a 
neighbourhood of v and the affine structure defined using vq = w in a neighbourhood of 
w. Since these two affine structures are compatible on the interior of the two-cells of B, 
this gives an integral affine structure B y . It is then the case that Y — > Y extends to a 
small contraction y — > y. Let y — > y be the flop, which is again a type III semi-stable 
degeneration. Note By, By, B Y and their triangulations are canonically identified as 
ZPL-manifolds. The change in integral affine structure is exactly the moving worm 
procedure: under the flop an Ii singularity departs from v G By, migrates along oj 
and into w G B Y i. Thus the smooth K3 surface Y gen determines an integral affine 
structure on S 2 canonically up to moving worms, and thus structures independent of 
moving worms are of particular interest. We will see that our broken lines are one 
example. 

Now suppose p : y — > y is a toric model, i.e., the restriction to each irreducible 
component p : Y v — > Y v of Y is a toric model. Then Y (and a choice of position 
for each singular point on By) determines an integral affine structure on B Y which is 
smooth at each vertex. The family y — > A is what Gross and Siebert |GS07] call a 
toric degeneration, and B Y is the associated integral affine manifold with singularities 
of the type that they consider. 

1.2. The Mumford degeneration. The toric case of Theorem 10.11 is a special case 
of a construction due to Mumford which we now recall in a form convenient for our 
purposes. 

Fix a toric monoid P and a lattice M = r L n . The monoid P is defined by a convex 
cone op C P| p with P = op R P gp . Fix a fan E in Mr, whose support, is convex. 
In what follows, we view B — |S| as an affine manifold with boundary. We denote by 
S max the set of maximal cones in E. 
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Definition 1.12. A Yi-piecewise linear function tp : |E| — > P| p is a continuous function 
such that for each a G S max , <fi\a is given by an element p a G Honiz (M, P gp ) = 

N ®TL P gP . 

For each codimension one cone p G E contained in two maximal cones o~+, o~- G S max , 
we can write 

where n p G N is the unique primitive element annihilating p and positive on cr+, and 
Pp l¥ 3 G P gp . We call p p>¥ , the bending parameter. Note (as the notation suggests) it 
depends only on the codimension one cone p (not on the ordering of er + , er_). 

We then say a E-piecewise linear function p : |E| — > P gp is P- convex if for every 
codimension one cone p G E, p Pi¥ , G P. We say <p is strictly P-convex if for every 
codimension one cone p G E, p Pi(p G P \ P x , where P x is the group of invertible 
elements of P. 

Example 1.13. Take a complete fan E in Mr. This defines a toric variety Y" = Y%, 
which we assume is non-singular. We let P C P gp be given by the cone of effective 
curves, 

NE(y) C Ai(Y) = H 2 (Y,Z). 

Each codimension one cone p G E corresponds to a one-dimensional toric stratum 
D p C dY, hence a class [P> p ] G NE(Y) = P. 

Lemma 1.14. There is a Tt-piecewise linear strictly P-convex function p : M — > P gp 
(1-2) = [^p] 

/or each codimension one cone p G E. Up to a linear function, p is unique. 

Proof. We will only need this result in two dimensions, so we only prove it in this case. 
This is trivial unless E is complete, so let's assume completeness. Let p 1; . . . , p s be the 
rays in the fan E in cyclic order. It is sufficient to show that 

s 

5> w <g> [D w ] = 

i=i 

in N ®iP gv , where n p% is chosen, say, to be positive on p i+ i. However, using a suitable 
choice of identification of /\ 2 M = Z, we note that n Pi can be identified with the 
functional on M given bymnimjAm, where rrii is a primitive generator of Thus 
we need to show that 

s 
i=l 
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This we can show by evaluating the left-hand side on an element n £ N, getting 

s 

J2{n,mi)[D Pi ). 

i=i 

However, this is precisely the divisor of zeroes and poles of z n , and hence is zero in 
P gp = H 2 (Y,Z). □ 

Given a E-piecewise linear and P-convex function tp : |E| — > P gp we can define a 
monoid P v C M x P gp by 

(1.3) P^ := {(m, p>{m) + p) \ m E \T,\,p E P}. 

The convexity condition implies that P^ is closed under addition. Furthermore, we 
have a natural inclusion P ^ P v given by p y (0,p), which gives us a flat morphism 

/ : Speck[P^] Speck[P]. 

It is easy to see that a general fibre of / is isomorphic to the algebraic torus k[M]: 
in fact, if we consider the big torus orbit U = Speck[P gp ] C Speck[P], f~ l {U) = 
U x Speck[M]. 

We now describe the fibres over other toric strata of SpeckfP]. Let x G Speck[P] 
be a point in the torus orbit corresponding to a face Q C P. Then by replacing P with 
the localized monoid P — Q obtained by inverting all elements of Q, we may assume 
that x is contained in the smallest toric stratum of Speck[P]. Consider the composed 
map 

tp : |S|^>P gp P gp /P x . 

Note (p is also piecewise linear. Let E be the fan (of not necessarily convex cones) 
whose maximal cones are the maximal domains of linearity of (p. Then f~ l (x) can be 
written as 

= Speck[S]. 

Here, 

k[S] = kz m 

m6Mn|£| 

with multiplication given by 

z m+m' m m > \[ e j n a common cone of E, 
otherwise. 



In particular, the irreducible components of / 1 (x) are the toric varieties Speck[crflM] 
for a E E max . 

In the particular case that rank M = 2 and E defines a non-singular complete surface 
with n toric divisors, suppose ip is strictly convex. Then if x is a point of the smallest 
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toric stratum of Speck[P], then is just V n C A n , the reduced cyclic union of 

coordinate A 2 's: 

Vn = < |Xa U Al 2tX3 U • • • U A 2 XntXi C A n xl _ Xn . 

We call V n the vertex, or more specifically, the n-vertex. 

We will need in the sequel the degenerate case of the n-vertex for n = 2. This is a 
union of two afline planes and can be described as the double cover 

(1.5) V 2 = S P eck[ Xl ,x 2 ,y]/(y 2 - x\x\) = A^ U A^. 

Of course, this does not appear as a central fibre of a Mumford degeneration. Analo- 
gously, one can define 

(1.6) Vi = Speckfx, y, z]/(xyz — x 2 — z 3 ), 
the affine cone over a nodal cubic. 

Example 1.15. In Example 11.131 with the choice of tp given by Lemma 11.141 the 
family 

Speck[Pj -»■ Speck[NE(F)] 

in fact gives the family of mirror manifolds to the toric variety Y, as constructed by 
Givental |Givj . 

In fact, the mirror of a toric variety also includes the data of a Landau- Ginzburg 
potential, which is a regular function. In this case the potential is 

yy = 2 K#K)) 

p 

where we sum over all rays p G E, and m p e M denotes the primitive generator of p. If 
Y is not Fano, then this is actually not the correct Landau- Ginzburg potential; rather, 
the potential receives corrections which can be viewed as coming from degenerate 
holomorphic disks on Y with irreducible components mapping into D. See Remark 

Em 

1.3. Some toric constructions. We collect here a few simple observations which we 
use repeatedly throughout the paper. 

Definition 1.16 (Toric Blowup). Let Y be a rational surface and D an anti-canonical 
cycle of rational curves on Y. A toric blow-up of the pair (Y, D) is a birational morphism 
7r : Y — > Y such that if D is the reduced scheme structure on n~ l (D), then D is an 
anti-canonical cycle of rational curves on Y. 

Given (B, S), a refinement is a pair (B, E), where S is a decomposition of B into 
rational polyhedral cones refining E. 
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Lemma 1.17. There is a one-to-one correspondence between toric blow-ups of(Y,D) 
and refinements of (£?,£). Furthermore, if (Y,D) is a non-singular toric blow-up of 
(Y,D), and (B, E) is the affine manifold with singularities constructed from (Y,D), 
then B and B are isomorphic as integral affine manifolds with singularities in such a 
way that £ is the corresponding refinement o/E. 

Proof. Let it : Y — > Y be a toric blow-up. It follows easily from the condition that 
7r _1 (D) re( j is an anti-canonical divisor that n : Y \ 7r _1 (Sing(.D)) — y Y \ Sing(£)) is 
an isomorphism. Thus ir is a blow-up along a subscheme supported on Sing(D). Let 
x G Sing(D) be a double point of D, corresponding to a cone a G £. Note a can be 
viewed as a rational polyhedral cone defining a non-singular toric variety X a = A 2 . 
Then etale locally near x, the pair (Y, D) is isomorphic to the pair (X CT ,<9X CT ). One 
can then check that in this local model, the only possible blow-ups satisfying the 
definition of toric blow-ups come from subdivisions of the cone a, i.e., toric blow-ups 
of X a . Indeed, the exceptional divisors of toric blowups are the only divisors with log 
discrepancy —1. This gives the desired correspondence. The second statement is then 
easily checked. □ 

Definition 1.18. A toric model of (Y, D) is a birational morphism (Y, D) — > (Y,D) 
to a smooth toric surface with its toric boundary such that D — > D is an isomorphism. 

Proposition 1.19. Given (Y,D) there exists a toric blowup (Y,D) which has a toric 
model (Y, D) -> (Y, D). 

Proof. First observe: 

(1) Let p : Y — y Y' be the blowdown of a (— l)-curve not contained in D, and 
D' := p*(D) C Y'. If the proposition holds for (Y\ D') then it holds for (Y, D). 

(2) Let Y" — > Y be the blowup at a node of D, and D" C Y" the reduced inverse 
image of D. The proposition holds for (Y", D") if and only if it holds for (Y, D). 

By using (1) and (2) repeatedly we may assume Y is minimal, and thus is either a 
ruled surface or is P 2 . In the latter case, by blowing up a node of D we reduce to the 
ruled case. So we have q : Y — > P 1 a ruling. We next consider the number of compo- 
nents of D contained in fibres of q. There cannot be more than two such components, 
for otherwise D cannot be a cycle. If there are precisely two such components, then 
D necessarily has precisely four components, and it is then easy to check that D is 
the toric boundary of Y, for a suitable choice of toric structure on Y. In this case the 
proposition obviously holds. Otherwise let D' C D be the union of components not 
contained in fibres. If D 1 has a node, then we can blowup the node, blowdown the 
strict transform of the fibre (through the node), increasing the number of components 
of D contained in fibres. 
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After carrying out this procedure for each node of D', we are then in one of two 
cases. 

Case I. D has two components contained in fibres, and then we are done. 

Case II. D consists of a fibre / and a non-singular irreducible two-section D' of q. 
Note that since D' + / ~ —Ky and Y is isomorphic to the Hirzebruch surface F e for 
some e, we can write Pic V = ZC © Z/, with C5 2 = — e and —Ky = 2Co + (e + 2)f. 
Thus D' ~ 2C + (e + 1)/ and C • D' = — e + 1. Since C is not contained in D', e = 
or 1. 

If e = 0, then there is a second ruling g' : Y — >■ P 1 , with £)' and / sections of this 
ruling. In this case, we follow the same procedure as above of blowing up nodes for 
this new ruling, arriving in Case I. 

If e = 1, then Co is disjoint from D' . Blowing down Co, we obtain P 2 , and can then 
blowup one of the nodes of the image of D' U /. Using this new ruled surface, we can 
again blowup a node and find ourselves back in Case I. □ 

2. Modified Mumford deformations 

As throughout the paper, (Y, D) is a Looijenga pair, where D is a cycle of length 
n, and (B = B(y t D), is the tropicalisation defined in §1.11 Next we explain how to 
generalize Mumford's family, to give a canonical formal deformation of V° associated 
to (Y,D). In local coordinates this is described in §0.6.2( here we give an abstract 
coordinate free description. Locally on Bq the picture is toric and we have Mum- 
ford's deformations described in §1.21 As Mumford's construction is functorial, the 
deformations built locally patch canonically together. Here are the details. 

2.1. Generalities on integral linear manifolds and multi- valued functions. 

Let us consider a somewhat more general situation, in which B is an integral linear 
surface. For any locally constant sheaf J 7 on Bq, and any simply connected subset 
t C Bq we write T T for the stalk of this local system at any point of r (as any two such 
stalks are canonically identified by parallel transport). In particular, we apply this for 
the sheaf A of integral constant vector fields, and Ar = A ®z 

One feature of linear manifolds is that for any simply connected open set U C Bq, 
there is a canonical linear immersion U — > Ar jT , compatible with parallel transport 
inside U. The construction is functorial in the obvious way for linear maps between 
linear manifolds, and this allows us to generalize many convex geometric notions from 
vector spaces to linear manifolds. 

A rational polyhedral fan S on B is a polyhedral decomposition of B whose re- 
striction to each linear chart B D U — > 1R 2 is the restriction of a fan in the usual sense; 
the reader should think of the example of §1.11 
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For each cone r G E, and each cone a G X containing r, there is a canonical inclusion 
a C A Tj jj. We define the localized fan r _1 S in A T) r as the collection of cones 

r _1 X] = {a + Er C A Ti r | o G S, r C a}. 

When r is positive dimensional, this is a fan of not strictly convex cones: if r is 
two-dimensional, then r _1 S consists just of the entire space A Tj k, while if r is one- 
dimensional, it consists of the tangent line to r in A Ti k along with the two closed 
half-planes with boundary this tangent line. 

Remark 2.1. Note that if q is a point of Bq with q G a G S, and r C a, then the 
canonical embedding of a neighbourhood of r in A Tj r identifies g with a point of A Tj r. 
We shall use this identification freely in what follows. 

Let P C P gp be a toric monoid as in §1.21 Let ir : P — > B be a linear locally 
trivial principal Pgp := P gp ®z M bundle. In other words, Po is an integral linear 
manifold, ir is linear, we have local trivializations 7r~ 1 (?7) = U x P^ p , and the transition 
functions respect the translation action on the second factor. We write V := 7r*Ap 
(the local system whose sections over a simply connected open set U C B are the 
constant integral tangent vectors on ir~ l (U)). Thus we can write V T for r G S, and 
this coincides with the stalk of Aj> at any point x G 7r _1 (r). 

We use this setup to generalize the kind of piecewise linear function which appeared 
in §1.21 In particular, one can consider E-piecewise linear sections tp : Bq — > P. These 
are continuous sections of tt which are linear on cones of S. Furthermore, one can 
define convexity in the same sense as Definition 11.121 Indeed, using a trivialization 
n~ l (U) = U x Pjp in a neighbourhood of a point of r, we can describe tp by giving 
a piecewise linear function <pjj : U —> P^ p , and so, as in Definition 11.121 there is a 
bending parameter p Ptipu . We say <p is convex (strictly convex) if p p ^ u G P (P \ P x ) 
for all p, U. Note p Pltpu is defined independently of the trivialization, since changing 
the choice of trivialization only changes ipu by a linear function. 

To see how such bundles and sections arise, we now specialize to the case B = B(y,d) , 
and Bq d B the smooth locus (which is B \ {0} unless (Y, D) is toric, in which case 
B = B = IR 2 ). Recall from §1.11 that B is covered by open sets Ui, . . . , U n on which 
charts are defined, with [/, = Int(o" i _i ) j U <Xi,i+i) an d Pi = H cr^+i- 

Definition 2.2. A (P^F -valued) Yi-piecewise linear multivalued function on B is a 
collection <p = {y^} with ^ a S-piecewise linear function on Ui with values in P^ p . 

Note this is equivalent to giving a p^ 1 E-piecewise linear function tpi : Ak jP4 — >■ P| p 
for each ray pi G S. Two such functions <p, </?' are said to be equivalent if <pj — ^ is 
linear for each i. Note the equivalence class of p is determined by the collection of 
bending parameters p PtV G P. 
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We drop the modifiers £ and P when they are clear from context. 

The collection {<Pi} determines a Pjf p -principal bundle 7r : Po — > Bq with a piecewise 
linear convex section tp : Bq — > Fq in an obvious way: we glue Ui x P^ 9 to Ui + \ x P^ 
along (17* n U i+1 ) X P| p by 

By construction we have local sections x h- >■ (x, y2j(x)) which patch to give the piecewise 
linear section </?. One checks immediately the isomorphism class (of the Pjf p -principal 
bundles together with the section) depends only on the equivalence class of {<Pi}. 

This construction gives rise to a sheaf V := 7i\,<Ap on B , and taking the differential 
of the projection n gives a canonical exact sequence 

(2.1) -> P gp -)• V-^A Bo -> 

of local systems on Po, where P gp denotes the constant local system. We shall write 
A for A# , as we shall only consider sheaves on Po- 

Example 2.3. Our standard example, fundamental to this paper, will be as follows. 
Suppose P is a monoid which comes with a homomorphism rj : NE(Y) — > P of monoids. 
Choose <f by specifying tpi on Ui by the formula 

P Pi m =V{[ D i))- 

Such a <p is well-defined up to linear functions, and always exists. This is always convex, 
and is strictly convex provided r)([Di\) is not invertible for any i. 

In terms of the symplectic heuristic, in the case that t] induces an isomorphism 
between H 2 (Y,7j) and P gp , we view the sequence (12.11) as analogous to the relative 
homology sequence 

(2.2) -> H 2 (Y, Z) H 2 (Y, L, Z) -»■ H X (L, Z) 

where L is a Lagrangian fibre of the SYZ fibration. Of course varying L this becomes 
a sequence of local systems. 

We continue to assume we have a S-piecewise linear P-convex section tp : Bq — > Po 
as above, with B = B<y,d)- We explain how Mumford's construction determines a 
canonical formal deformation of V° . 

For each r, if determines a r _1 S-piecewise linear P-convex function tp T : Ar jT — >■ 7\ jT - 
(note the target is a Pj| p torsor, so P-convex makes sense). 

Now define the toric monoid P Vt C V t by 

(2.3) P^ T := {g G P T |g = p + f T (m) for some p £ P, m <E A r }. 
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By the definition of convex, we have canonical inclusions 
(2-4) P^ p C P^ a C V p 

whenever p C a G S. If p G X is a ray with p C o~± G S max we have the equality 

(2.5) ^ + nv =/V 

Definition 2.4 (Monomial ideals). A (monoid) ideal of a monoid P is a subset I C P 
such that j) 6 /, g G P implies p + g G P An ideal determines a monomial ideal in 
the monoid ring k[P], generated by monomials £ p for p G /. We also denote this ideal 
by /, hopefully with no confusion. As a consequence, we shall sometimes write certain 
ideal operations either additively or multiplicatively, i.e., for J C P, 

kJ = {Pi H h Pfc I Pi G J, 1 < i < k}, 

and the corresponding monomial ideal is J k . 

Let m = P \ P x . This is the unique maximal ideal of P, defining a monomial ideal 
m C k[P]. Note k[P]/m ^ k[P x ]. 

We say an ideal / C P is m-primary if a/7 = m, in which case the same holds for 
the associated monomial ideal / C 



In this paper we only consider toric monoids P, that is, P = a n L where L is a free 
abelian group of finite rank and a C Lr is a rational polyhedral cone (thus k[P] is the 
coordinate ring of an affine toric variety over k). In particular, k[P] is Noetherian. If a 
is strictly convex then m is the maximal ideal corresponding to the unique torus fixed 
point of Speck[P]. 

Fix an ideal I C P. Define J r>0 - C P Vt for r, er G X with r C cr G S max , r 7^ {0}, by 
(2-6) Ir,a:={qeP VT \q-Mr(q))eI}. 
Finally, for n C T2, 

(2.7) Iti,T2 - = It\ s <J1 

ctDt2 

Note the union is just the single ideal J Tl)0 - =T2 defined in (12.61) except in the case T\ = 
T2 = p is a ray of the fan. 
Now we define 

We note that in the special case T\ = r 2 = a G S max , then /g.^ = / - k[P v J and 

Ra s a,I = k[P v J//k[Pj 

= k[A CT ] ® k k[P]/J. 
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For p a ray and a a two-dimensional cell with p C er, there is a natural surjection 

Rp,a,i -» Rp,p,i- 
By (12.41) . there is also a natural injective map 

Rp,cr,I — > Ra,a,I 

which is the localization at z Vp ^ m "' for any m G p~ x o that generates A p /(Rp D A p ). 

From this system of rings we can build a scheme Xj over Speck[P]/7 as follows. 
First, if p C a±, let 

-Rp,/ : = Rp,a+,I X -Rp,p,/ Rp,cr-,I- 

Note P Pi / is a k[P] //-algebra. 

Lemma 2.5. Le£ I C P be a monomial ideal. Then R p j = k[P v ] <g)k[p] k[P]/i". So «/ 
p = i/ien SpecP Pj / — > Speck[P]/J is the base-change of the Mumford degeneration 
induced by the PL function tpi on the localized fan p _1 S. 

Proof. It is easy to check that the map 

k[Pj//k[Pj^P Pi/ 
given by / i->- (/ mod I P)(7+ , / mod I p , a _) is an isomorphism, using the fact that 

Ik[P Vp \ = / P , CT+ n/ Pj(T _. 

□ 

Remark 2.6. Since SpecP Pi / — > Speck[P]/J is a base-change of the Mumford de- 
generation, we can in fact say what a fibre of this morphism is over a point x in 
the smallest toric stratum of Speck[P], i.e., a point in Speck[P]/m. This depends 
on whether p Pi<p G P is invertible or not. If it is not invertible, then the fibre is 
Speck[p _1 E] = Spec k[x, y, z ±l ]/(xy). If p Pj(p is invertible, then the fibre is Speck[Z 2 ]. 
In this latter case, in fact the surjective maps R P ,a ± ,i — > Rp,p,i are isomorphisms, and 
the fibred product P Pi / is isomorphic to any of these three rings. 

We now have natural maps 

^p,± '■ Rp,I ^ Rcr±,cr±,I 

given by ip p ,±(z p ) = z p , using the inclusions P lfp C Pip a , of ( 12.41) . One sees easily that 
the ipp,± are i n f ac t localization maps, given by localization at 2^p( m ) for any m G p~ 1 cr± 
that generates A p /(Rp PI A p ). Thus if p C a, we obtain open subschemes 

U p>(T> i := SpecP^,/ C Upj := SpecP Pj/ . 
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Of course, if p± are the two edges of a, U p _ i(T: i and U p+i(T j are canonically isomorphic. 
Note also that 

(2.8) C/ P)CT+)7 n U Pta _j = Speck[A p ] x Spec(k[P]//)^ ^ (G m ) 2 x Spec^fP]//)^ 

Note that if p Pjip G vJ then the localization (k[P]/J) z pp, v is zero, and the intersection 
is empty. This motivates the following definition. 

Definition 2.7. Given (B, £), ip a PL multivalued convex function on B with values 
in Pjf p , and / C P an ideal, we define £/ to be the decomposition of B into cones 
obtained by removing any ray p G £ such that ^ vT, so that £ is a refinement of 
£/. Then £/ is a fan of not necessarily convex cones. 

We can now define our analogue of the Mumford degeneration. 

Definition-Lemma 2.8. Suppose that £/ contains at least two rays. Then the canon- 
ical identifications of the open sets U Pi>aii+1 j with U Pi+1>Ui generate an equivalence 
relation on \J { U Pi j, and the quotient by this equivalence relation defines a scheme Xj 
over Speck[P]/P 

Proof. Let Pi,Pj be two rays of £ contained in the same maximal cone a G £/. As- 
sume without loss of generality that i < j and Pi+i, . . . ,Pj-i also lie in a. Let C 
U Ph a iti+1 C U PijI be the open set defined by localizing R a ^ i+u a i4+1 ,i at ntl+i z Ppfe ^, and 
define Uji C U Pha ,_ Xi C C/ Pjj / by localizing ^ ; / at this same element. One 
sees from (I2.8P that the gluings of U Pk j with U Pk i, i < k < j, induce an isomorphism 
ipij : Uij — > Uji. One checks easily that these isomorphisms satisfy the requirements 
for gluing data for schemes along open subsets, see e.g., |H77] . Ex. 11 2.12. □ 

Remarks 2.9. (1) Xj only depends on the equivalence class of ip, since the monoids 
Pip T , Py a are canonically defined, independently of the choice of representative for ip. 

(2) One could work in the case that only one ray p satisfies p P)V G vT (recall in 
Definition 12.81 we require at least two such rays). In this case we are identifying two 
disjoint open subsets of U Pt i via an etale equivalence relation, so a priori this only 
gives an algebraic space. To avoid such technicalities we do not consider this case, 
though after straightforward adjustments our method does apply. For \/j = I q the 
ideal associated to a contraction (a morphism with connected fibres) q : Y — > Z, this 
means we require q\u i is finite for at least two components Di (though again, this is 
purely to avoid the need for algebraic spaces). 

(3) If p Ptip G P x for all rays p in £ one obtains a single open set, isomorphic to 
an algebraic torus over Speck[P]/J, and dividing out by the identifications would 
divide this torus out by the action of T G SL2(Z) representing the monodromy of the 
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singularity of B. This quotient is badly behaved in general — it does not have the 
structure of a scheme or complex analytic space (it is not Hausdorff). However, when 
D is negative definite and k = C, let / : Y — > Y' be the contraction of D. Suppose 
P is a toric monoid containing NE(F) such that the classes of the D^s generate a 
face of P. If we take J := If to be the complement of this face, and I to be an ideal 
with v7 = J, then after restricting to an appropriate analytic open set, the action 
is properly discontinuous and so the quotient has the structure of a complex analytic 
space, see §4.11 For example, if we take I = J the prime ideal, the resulting family 
is a degeneration of the dual cusp to V n ; the generic fibre is exactly the quotient 
construction of the dual cusp given in Example 11.91 This is why Looijenga's conjecture 
follows naturally from Theorem 10.11 We give the details in §H 

We first analyze this construction in the purely toric case: 

Lemma 2.10. For (Y,D) toric and P = B x P| p ; X° is an open subscheme of the 
Mumford degeneration Speck[P v ,]//lk[P ¥ ,] ; and 

H (Xt,O X a)=k[P v \/Ik[P v \. 

Proof. Note that for r G S, the monoid P Vt is isomorphic to the localization of P^ along 
the face {(m, f(m)) \ m G r PI M}. Thus Speck[P^ r ] is an open subset of Speck[Pj 
and SpeckfP^J ®k[P] k[P]/7 is an open subset of Speck[P ¥ ,]/iTk[P v ,]. Furthermore, the 
gluing procedure constructing Xj is clearly compatible with these inclusions, so X° is 
an open subscheme of SpeckfPj/JkfPj. Next, looking at the fibre over a closed point, 
one sees easily that the underlying topological space of these fibres is obtained just by 
removing the zero- dimensional torus orbit from the corresponding fibre of the Mumford 
degeneration. The closed fibres of the Mumford degeneration are S 2 by |A02j . 2.3.19. 
Thus by Lemma I2.11[ the result follows. □ 

Lemma 2.11. Let n : X — >■ S be a flat family of surf aces such that the fibre X s satisfies 
Serre's condition S2 for each s G S . Let i: X° C X be the inclusion of an open subset 
such that the complement has finite fibres. Then i*Ox° = Ox- Similarly, if J 1 is a 
coherent sheaf on S then i*(Oxo <8> 7r*-P) = Ox ® ^T. 

Proof. For the first statement see, e.g., |H04] . Lemma A. 3, (the assumption that the 
fibres are semi log canonical is not used). The second statement follows from the first 
by devissage. □ 

Definition 2.12. Let Po(^) denote the set of points of Bq with integral coordinates 
in an integral affine chart. We also write P(Z) = Bq(7j) U {0}. 
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Remark 2.13. Recall that by our definition an integral affine manifold has a distin- 
guished atlas of charts with transition functions lying in GL(n, Z) x Z n . Thus the 
integral points of an integral affine manifold are well defined. Often a weaker defini- 
tion is used where one only requires that the transition functions lie in GL(n, Z) x IR n 
(for example in the theory of integrable systems, see e.g., |GS06j . Example 1.17). In 
this case one cannot define integral points. For an integrable system (Y, tS) — > B, the 
induced affine structure on the base B is integral in the strong sense if the class of the 
symplectic form [u] G H^ R (Y, IR) is integral, see |GS06j . Example 1.17 or |KS06j . 3.1.1. 

Given the description of Remark 12. 6[ the following lemma is obvious. 

Lemma 2.14. Suppose we are given tp and a monomial ideal I C P such that Ej 
contains at least two rays, so that Xf is defined. Assume further that all cones in Ej 
are strictly convex. 

(1) If x G Speck[P]/J is a closed point, let H x denote the refinement o/Ej obtained 
by adding any ray pofY, for which p Pjip G" \/l but z Pp > v lies in the maximal ideal 
ofk[P]/I corresponding to x. Suppose E x contains at least three rays. Then 
the fibre of Xf — > Speck[P]/P over x is (SpeckfEj) \ {0}. Here, k[E x ] denotes 
the k-algebra with a k-basis {z m \ m G P(Z)} with multiplication given exactly 
as in (11.41) . and is the closed point whose ideal is generated by {z m |m ^ 0}. 

(2) Suppose that every cone in E x is integral affine isomorphic to the first quadrant 
and E x contains p > 3 rays. If x G Speck[P]/J is a closed point, then the fibre 
of Xf — > Speck[P]/P over x is Y°, the p-vertex minus the origin. 

Remark 2.15. If the hypothesis of Lemma |2.14[ (2) is not satisfied then each closed 
fibre of Xf — > Speck[P] is a degenerate cusp |KSB88j . 4.20. A degenerate cusp is a 
union of cyclic quotient singularities glued pairwise along toric boundary components 
in cyclic order. 

Remark 2.16. We show that the convexity condition in Lemma [2. 141 is satisfied in the 
cases we shall consider in this paper. We assume if is defined using a pair (Y, D) as in 
Example I2.3[ and p PtV> = r]([D p ]) G vT for at least two rays p G S. Furthermore, we 
shall assume that a/7 is a prime ideal. 

Suppose Pi, . . . , D r are consecutive components of the boundary such that 7/([Pj]) G" 
V7, for some r < n — 2. We consider two cases. First suppose the union of the cones 
aci, • • • , cr r>r+ i is not convex. Then there exist a±, . . . ,a r G Z> , such that aiDi) 2 > 
0. (This follows from the toric case.) So Yl a iDi lies in the interior of the cone of 
curves NE(Y). Since we are assuming y/l is prime, it follows that ^([C]) G^ Vl for 
all [C] G NE(Y), so in particular, r]([Dj}) ^ VP for all j = l,..,n, contradicting our 
assumption. 
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Second suppose the union of the cones 00,1, . . . , <7 rj ,.+i is a half-space. Then there 
exist a%, . . . ,a r G Z >0 such that aj-Dj) 2 = 0, and ^2 Q>iDi defines a ruling / : Y — > P 1 . 
(Indeed, as in the toric case, there is a composition g: Y — > Y' of contractions of ( — 1)- 
curves, with exceptional locus contained in Di + • • • + D r , such that D\ + • • • + D r 
contracts to a smooth rational curve F with F 2 = 0. Then the curve F defines a ruling 
of Y', so g*F = J2 a iDi defines a ruling of Y .) It follows that rj([C]) £ yfl for all 
curves C C Y contracted by /, again by our assumption of primality. Note that Dj is 
contracted by / for j ^ r + 1, n, and D r+ i, D n are sections of /. 

If (Y, D) is toric, the deformation Xj — >■ Speck[P]/J is a Mumford degeneration 
(see Lemma [2.10p . and the closed fibres are isomorphic to the normal crossing surface 
V(x!X 3 ) C A 2 XuX3 x G miX2 . 

If (Y,D) is not toric, then after a toric blowup it: (Y,D) — > (Y,D), there exists a 
(— l)-curve C CY, which is not contained in the boundary D and is contracted by fon. 
(Indeed, since p(Y) > n — 2 we see that either there is a (— l)-curve C not contained 
in D and contracted by /, or r = n — 2 and the fiber F through p := D n _i R D n is 
irreducible. In the latter case let ir : Y — > Y be the blowup of p and C be the strict 
transform of F.) We will later assume that either rj([Dj]) G \fl for j = 1, . . .,n, or 
77 G a/7 for each A 1 -class f3 (see Definition 13 .31) . in particular, 77(71"* [C]) G vT. So 
this case is not considered. 

2.2. Scattering diagrams on B. Next we translate into algebraic geometry the in- 
stanton corrections. To construct our mirror family we will use the canonical scattering 
diagram 2D can (which is the translation of the instanton corrections associated to Maslov 
index zero disks), but as the regluing process works for any scattering diagram (and 
we will make use of this greater generality in the sequel |K3j ). we carry it out for an 
arbitrary scattering diagram. 

We continue with the notation of the previous sections, with (Y, D), (B = S(ym, £), 
P, and ip given. We also fix a monomial ideal J C P such that J = \/~J . For any 
r G S, r 7^ 0, we have the monoid ring kfP^J and the ideal J TiT C kfP^J. We denote 
by 

the completion of the ring kfP^] with respect to the ideal J T>T . 

We will now define a scattering diagram, which encodes ways of modifying the con- 
struction of X°. 

Definition 2.17. A scattering diagram for the data (B, S), P, tp, and J is a set 

2 = {(*,/»)} 

where 
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(1) d C B is a ray in B with endpoint the origin with rational slope, d may coincide 
with a ray of E, or lie in the interior of a two-dimensional cone of E. 

(2) Let t G E be the smallest cone containing 0. Then / is a formal sum 

p 

for c p G k and p running over elements of such that r(p) ^ and r(p) 
is tangent to d. We further require that be an outgoing ray, in which case 
r(p), viewed as a tangent vector at an interior point of t), always points towards 
the origin, or an incoming ray, in which case r(p) always points away from the 
origin. 

(3) If dim t = 2, or if dim To = 1 and p TOtip ^ J, then / a = 1 mod J. 

(4) For any ideal I C P with vT = </, there are only a finite number of (p, /a) G D 
such that /e ^ 1 mod / TB , ra . 

Construction 2.18. We now explain how a scattering diagram D is used to modify 
the construction of X°. Suppose we are given a scattering diagram 2) for the data 
(B, E), P, ip and J, and an ideal / with y/l = J. We assume that Ej contains at least 
two rays. 

We will use the scattering diagram Q to both modify the definition of the rings 
R p j as well as the gluings of the schemes defined by these rings. First, we modify the 
definition of R p j, setting for a ray p G E contained in two maximal cells o~± G E 

(2.9) R pJ := Rp, a -,i x (R P ,p,i) fp R p,v+J- 

Here, f p G R p , p j is defined by 

fp= n & m ° d j p,p- 

This makes sense by condition (4) of the definition of scattering diagram. Furthermore, 
the maps in the fibred product are given by 

Rp,a-,I -» (Rp,p,l)f p 

being the composition of the canonical surjection with the localization, while the map 

Rp,a+,I (Rp,p,l)f p 

is given by the composition of the canonical surjection with the localization and then 
the map 

(Rp, P ,i)f p -^(Rp, P ,i)f p 

7 P |_s. r P f( n p, r (p)) 
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where n p G A* annihilates the tangent space to p and is positive on cr + . One notes 
easily that R p j does not depend on which maximal cone containing p is called a + . 
Set 

U pJ := SpecP P)/ . 

Lemma 2.19. Let p be a ray in £ corresponding to a component D p C D and m p G p 

its primitive integral generator. Let p C o~±, and let p + and p_ be the other boundary 
rays of a + and <r_ respectively. Define 

(2.io) MW + ,x_,^i 

Here we view f p as an element of (k[P]//)[X ±:L ] by identifying X with z Vp(jnp ' > G k[P v ]. 
The map 

QclPyiftX+tX^X* 1 ] R Pt „_j x R P:a+ j 

given by 

x _ ^ ( z M™ P -)j pZ Mm P ^ 
X+ ^ (f pZ Mm P+ )^ z Mm P+ )^ 

induces an isomorphism h : R' T —> R p j. Furthermore, the natural map U p j — > 
Spec(k[P]/J) is flat. 

Proof. First, it is easy to check that the image of the given map takes values in the 
fibre product R p j- Furthermore, X_X + — z Pp < ip X~ D2 pf p is mapped to 

(f pZ vp( m P-)+'Pp( m P + ) _ j pZ Pp,^ z - D j-fip( m p) ^ j pZ v P ( m P-)+'Pp( m P + ) _ j pZ Pp,v z - D2 P ^p{ m p)y 

However, m p _ + D 2 p m p + m p+ = as elements of A p , so one sees in fact that (p p (m p _) + 
l P P ( m p+) = P P ,tp — D 2 p Lp p {m p ). Thus the above element of the product is zero, and so 
our map induces a map h : R' z — > R p j- 

To show h is an isomorphism, we proceed as in |GS07j . Lemma 2.34. Note that the 
rings R_ = R p>a _,i an d R+ = R p ,a + ,i are generated as S = (k[P]//)[X ±1 ]-modules by 
l,x j ,y k for j,k > 0, where x = z fp( m f>-) and y = z ' Pp( - mp +\ Also the S-submodules of 
R- (R+) generated by x J , j > (y k , k > 0) are free direct summands. So for g± G R±, 
we can write uniquely 



g- = ^2 a i x3 + h -(y) 



9+ = ^hy k + K{x), 



k>0 
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with a,i,bj G S and h- G S[y], h + G S[x], with h±(0) = 0. So (g_,g + ) lies in the fibred 
product if and only if 

a = b , h- (y) = b kfpV k i h+{x) = a jfi xi 

k>0 j>0 

as elements of (R p , p ,i)f p - But if this is the case then (g_,g + ) is the image of 

i>o fc>o 

This shows that the map h is surjective. Injectivity follows easily after noting that R' l 
is a free S- module with basis X 3 _, X±, j > 0, k > 0. 

The claimed flatness now is clear from the form of R' T . □ 

Pi 1 

Remark 2.20. In the case of the canonical scattering diagram D = 2) can , and y/l = I p 
the monomial ideal for the Gross-Siebert locus, i.e., the toric stratum associated to a 
toric model p : Y — > Y, the Lemma shows that U p j is given by Equation (jQ.lOp . see 
Corollary 13.161 

Note that there are canonical maps 

These are induced by the natural projections R p j —> R PtU ±,i followed by the natural 
inclusions R p , c ±,i Ra±,a±,i- In terms of the description of R p> j as the ring R' p j, the 
map ip P) ± can be described as the localization of R' pI at X±. Thus Spec R a± ,a±,i is 
identified with an open subset U p>a± j of U p j. 

Note that if i?p,^ ^ J, then (3) of Definition 12 . 1 71 tells us that f p is already invertible in 
R p>p> i, so the localization isn't necessary. However, ^,4-°^-) where defined, is not the 
trivial identification used in Definition- Lemma 12 . 8 [ but is twisted by the automorphism 

Next, consider (D , / a ) G D with C ff G S max and d not contained in a ray of S. Let 
7 be a path in B which crosses d transversally at time to- Then define 

$7,0 : Ra,a,I ~^ R<j,a,I 

by 

9^(z p ) = z p / 9 <r *' r(p)> 
where n G A* is primitive and satisfies, with m a non-zero tangent vector of 0, 

(n ,m) = 0, (no, Y(t )) < 0. 
Note that / B is invertible in -R^j since / B = 1 mod J^, so / 5 — 1 is nilpotent in Ra,a,i- 
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Figure 2.1. The path 7. The solid lines indicate the fan, the dotted 
lines are additional rays in D. The solid lines may also support rays in 
D 

Let Di C 2) be the finite set of rays (9, / ) with / ^ 1 mod I Ti) ,T - For a path 7 
wholly contained in the interior of o £ S max and crossing elements of Di transversally, 
we define 

#7,i> := 6 l 7 ,o n o • • • o 6> 7iBl , 

where 7 crosses precisely the elements (t>i, / 0l ), . . . , (0 n , _/j, n ) of 3)/, in the given order. 
Note that if two rays di,d i+ i in fact coincide as subsets of B, then 6 lfii and lfii+1 
commute, so the ordering is not important for overlapping rays. 

To construct Xj S , we modify the gluings of the sets U p j along the open subsets 
U p , a ,i- For each £ S max with edges p, p 1 , we have canonical identifications 

Up,a,I = SpeC R a , a ,I = Up',aJ- 

Hence we can modify this gluing via any automorphism. We do this by choosing a 
path 7 : [0, 1] — > B whose image is contained in the interior of a, with 7(0) a point in 
a close to p and 7(1) £ a close to p', chosen so that 7 crosses every ray (0, / a ) of 2)/ 
with r = a exactly once, see Figure 12.11 
We then obtain an automorphism 

hence an isomorphism 

Gluing together the open sets U p ^ a j C U p >j and U Pj(r j C U p j via # 7i £, we obtain a 
scheme Xf s . □ 
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2.3. Broken lines. We continue to fix a rational surface with anti-canonical cycle 
(Y,D) as usual, giving (£?,£), as well as a monoid P, a P-convex function ip on B, 
J C P an ideal with y/j = J, and a scattering diagram D for this data. As explained in 
the previous section, D determines an instanton- corrected deformation of V°. As 
explained in §0.6.2[ this extends to a deformation of V n if and only if the coordinate 
functions Xj on V° lift to Xj^. The symplectic heuristic suggests a natural way of 
producing such lifts. Translated into algebraic geometry this leads to the notion of 
broken line. 

Definition 2.21. Let B be an integral afline manifold. An integral afline map 7 : 
(£1,^2) B from an open interval (£1,^2) is a continuous map such that for any 
integral afline coordinate chart ifj : U —> M. n of B, if; o 7 : / y~ 1 (U) — > W L is integral 
afline, i.e., is given by t 1— > tv + b for some v G Z n and b G M n . 
Note that for an integral affine map, j'(t) G Ag j7 (^. 

Definition 2.22. A broken line 7 in £> for g G B (Z*) with endpoint Q G i?o is a proper 
continuous piecewise integral affine map 7 : (—00, 0] — > B , together with, for each L C 
(—00, 0] a maximal connected domain of linearity of 7, a choice of monomial mx = ciz qL 
where cl G k and G k[r(L, 7~ 1 (P)|l)], satisfying the following properties. 

(1) For the unique unbounded domain of linearity L, j\i goes off to infinity in a 
cone a G S max as t — > —00, and q G a. Furthermore, using the identification of 
the stalk V x for x G cr with 7^, = (see Remark 12. ip . 

(2) For each L and i G L, -r(g L ) = y(t). Also 7(0) = Q G B . 

(3) Let t G (—00, 0) be a point at which 7 is not linear, passing from domain of 
linearity L to L'. If j(t) G r G S, then P 7 ( t ) = V T , so that we can view G P T 
and r(qi) G A T . Let Di, . . . , d p G 2) be the rays of D that contain 7(t), with 
attached functions / a .. Let n = n 0j be the element of A* used to define 6^$ .. 
Expand 

(2.11) f[f^ r(qL)) 

i=i 

as a formal power series in k[P (/ , r ]. Then there is a term cz 9 in this sum with 

m L i = m L ■ (cz q ). 

Remark 2.23. Using the notation of item (3) above, by item (2) of the definition, 

(2.12) (n,r(q L ))>0. 

This is vital to interpret (12. lip . Indeed, if r is a ray, / 0i need not be invertible in 
k[Pp T ], so (I2.12p tells us that (12. lip makes sense in this ring. 
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The next lemma and corollary are vital for interpreting the monomials vn^\ 

Lemma 2.24. Let a_,a + G S max be the two maximal cones containing the ray p G £. 
If q G P Va _ with -r(q) G lnt(p~ 1 a+) C A p ®% then 

qeP Vp = P Vir _nP Vir+ . 

Proof. By the definitions there exist p,p Ptip G P and n p G A* annihilating the tangent 
space to p and positive on o~ + such that 

q = <Pa-(r(q))+p 
fa+(-r(q)) = (p a _(-r(q)) + (n p , -r{q))p p>tp . 

Since (n p , —r(q)) > 0, 

q = <fa+(r(q))+p+ (n p , -r(q))p PtV G P Va+ . 

□ 

An immediate consequence of this lemma is 

Corollary 2.25. (1) Let 7 : [£1,^2] — > Bo be integral affine. Suppose that j(ti) G 
T i, 7(^2) £ r 2- Suppose also we are given a section q G Y{^~ l V) such that 
—r(q) = 7 7 (i) /or eac/i £. // 

g P^ Ti c P T1 = P l(tlh 

then 

q{t 2 ) G P„ T2 C V T2 = V l{t2) . 
(2) If 7 is a broken line, t G L a maximal domain of linearity with j(t) G r , then 

q L G P VT C V T = V, m . 

Proof. The first item follows immediately from the lemma. The second item follows 
from the fact that if t <d lies in the unbounded domain of linearity with 7(2) G a, 
then mi, = z IPt ^ G P ipa by construction. Then this holds for all t by item (1) and 
Definition [223 (3). □ 

The convexity of (f puts further restrictions on the monomial decorations of a broken 
line. 

Definition 2.26. Let J C P be a proper monoid ideal. For p G J there exists a 
maximal k > 1 such that p = pi + • • • + p^ with p^ G J. We define ordj(p) to be this 
maximum, and ordj(p) = if p G P \ J. 
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For x G r, q G P lfiT) define ordj ;X (g) := ordj(g — <£> r (r(g))). This measures how high q 
is above the graph of tp T . If 7 is a broken line and t G L a maximal domain of linearity, 
define 

ord Jj7 (t) = ord JMt) (q L ), 
using 7(t) G r and g L G P Vt C P 7 (t). 

Lemma 2.27. Let 7 6e a broken line. Then if t < t! , 

ord Ji7 (t) < ordj i7 (t'), 

wit/i strict inequality if either t and t! lie in different domains of linearity or for some 
t" with t < t" < t' , 7(i") lies in a ray p G X with bending parameter p p ^ G J. 

Proof. This is immediate from the definitions and the proof of Lemma 12.241 □ 

Definition 2.28. For I an ideal in P with vT = J, let 

Sup P/ (S)) :=|Jf 


where the union is over all (£>, / ) G D such that / a ^ 1 mod Ir^. By Definition 12.171 
(4), this is a finite union. 

Definition 2.29. Let / be an ideal of P with \/j = J, and let Q G P \ Supp 7 (£)), 
Q G r G S. For g G B (Z), define 

(2.13) Lifto(g) := ^Mono( 7 ) G k[P, T ]/I ■ k[P^], 

7 

where the sum is over all broken lines 7 for q with endpoint Q, and Mono(7) denotes 
the monomial attached to the last domain of linearity of 7. The fact that Liftg(g) lies 
in the stated ring follows from: 

Lemma 2.30. Let Q G a G S max , q G B (7*). Let I be an ideal with yl = J. Assume 
that p PtV G J for at least one ray p G S. Then the following hold: 

(1) The collection of '7 in Definition \2.29i with 

Mono( 7 ) g / • k[Pj 

is finite. 

(2) // one boundary ray of the connected component of B\ Supp / (D) containing Q 
is a ray p G E, t/ien Mono(7) G k[P^ p ] ; and the collection of ^ with 

Mono( 7 ) g / • k[Pj 

is finite. 
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Proof. Note there is some k such that J k C / because k[P] is Noetherian. If 7 is a 
broken line with Mono(7) G" / ■ kfP^J, then it is easy to see that 7 crosses the rays of 
E in a cyclic order, and so in any set of at least n consecutive rays of E that it crosses, 
there is at least one ray p with p p>ip G J. By Lemma [2. 2 7\ ordj i7 increases every time 7 
crosses such a ray, and also every time 7 bends. Once ordj i7 > k, Mono(7) G PkfP^J. 
Hence there is an absolute bound on the number of rays of E that 7 can cross, and the 
number of times 7 can bend. Once the initial direction of 7 is fixed, it's easy to see 
that the set of all possible broken lines satisfying the condition of (1) is finite, yielding 
the finiteness of (1). 

The argument for the finiteness statement in (2), once the first part of (2) is estab- 
lished, is the same. For the first part of (2), consider a broken line 7 contributing to 
Liftg(g). We take Q G cr+, in the notation of Lemma T2.241 Write Mono(7) = clz Ql . 
If r{qi) G p~ l o~ + then the statement follows from Lemma 12.241 Otherwise (by the 
definition of broken line) 7 crosses p, which is the last ray of E and the last ray of 
Suppj(3)) it crosses before reaching Q. Now the result follows from Lemma [2.241 and 
the definition of broken line. □ 

Remark 2.31 (Heuristic meaning of Liftg(g)). Assume D is the canonical scattering 
diagram £) can . Let q G Bq(7j) and q = mv, for v G Bq(7j) the primitive integral 
point on the ray p q := IR>o<? C B. Then v determines a boundary divisor D v on a 
toric blowup (Y, D) of (Y,D). Let 7 be a broken line contributing to Liftg(g), with 
Mono(7) = cz w G k[Pg]. The point Q heuristically corresponds to a Lagrangian L C 
U := Y\D and 7 to a holomorphic disk with boundary on L and meeting D in a single 
point, lying in the interior D° of D v , with multiplicity m. Then w G Vq = H 2 (Y,L) 
is the relative homology class of the disk, and the monomial function z w (on the SYZ 
dual X of U — > B viewed now as the instanton corrected moduli space of special 
Lagrangians with U(l) connection) is as defined in (10. 6p . The monomials z q are only 
locally defined, but we should expect that the sum Liftg(g) makes global sense. For 
example, in the special case q = Vi it corresponds to the canonical global function i9j 
obtained from counting Maslov index two disks meeting Pj. In particular, we expect the 
Liftg(g) to transform the same way as the z q , i.e., by change of coordinate according 
to the symplectomorphisms coming from the canonical scattering diagram 2) can . In 
this section we are considering an arbitrary scattering diagram, so we introduce the 
necessary patching conditions as an axiom. In subsequent sections we'll prove that 
£> can has this property. 

Definition 2.32. Assume that p p ^ G J for at least one ray p G E. We say a scattering 
diagram D is consistent if for all ideals I C P with \fl = J and for all q G Bq(7j), the 
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following holds. Let Q G Bo be chosen so that the line joining the origin and Q has 
irrational slope, and Q' G B$ similarly. Then: 

(1) If Q, Q' G a G E max , then we can view Liftg(g) and LiftQ/(g) as elements of 
R a ,a,i, and as such, we have 

LiftQ/(g) = 7 ^(Lift o ( g )) 

for 7 a path contained in the interior of a connecting Q to Q'. 

(2) If Q G cr_ and Q' G cr + with cr ± G E max and p = a + fl er_ a ray, and furthermore 
Q and Q' are contained in connected components of S\Supp 7 (X>) whose closures 
contain p, then viewing Liftg(g) G Rp !(T _,i, Liftq/(g) G R p , a+ ,ij the pair 

(Lift Q (g),LifV(g)) 

lies in the ring R p j. 
Of course the definition is introduced so that the following holds: 
Theorem 2.33. Let tp be a multivalued piecewise linear function satisfying the hy- 



potheses of Lemma 2.14 Let 2D be a consistent scattering diagram and I C P an ideal 
with \/l = J. Set 

Xj:= SpecT(Xl^O X oJ. 

Since X° s has the structure of a scheme over Speck[P]/J, so does Xi, which we write 
as 

f 1 : Xj -+ Speck[P]/J. 

Suppose that for every closed point x G Speck[P]/J, T> x satisfies the hypotheses of 
Lemma '2. TA (1). Then 



(1) Xj contains Xj^ as an open subset, fi is flat with fibre over a closed point x of 
Speck[P]/J a surface, isomorphic to Speck[S x ] in general and to the p -vertex 
W p for some p if the hypothesis of Lemma \2. 1J\ (2), holds. 

(2) For each q G P(Z) 7 there is a section d q G T(Xj, 0j f ), and the set {i9 q \ q G 
B(Z)} is a free (k[P]/ 1) -module basis for T{X I ,0 Xl ) ■ 

Proof. We define •&$ = !. We now construct $ q for q G B (Z*): this is the main point 
of Definition 12.321 For each ray p G X contained in a± G S max , choose two points 
<5p G B, one each in the two connected components of B \ (Suppj(3)) U p) which are 
adjacent to p, with G cr + and Q~ G <r_. Then Liftg±(g) is a well-defined element 
of R P) a ± ,i, independent of the particular choice of : given a choice say of Q = 
and another choice Q', we take a path 7 connecting Q and Q' contained wholly in the 
connected component of B \ (Supp 7 (S) U p) containing Q and Q' . By Definition 12.321 
(1), it then follows that Liftq(g) = LiftQ/(g). Furthermore, by Definition 12.321 (2), 
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(Liftg- (g), Liftg+(g)) defines an element Lift p (g) £ R P j- It then follows via another 
application of Definition 12.321 (1), applied to the path of Figure [27TT that if p, p' are 
adjacent rays in E, then Lift p (g) and Lift p /(g) glue under the identification of open 
subsets of U p j and U p >j given by 9 1 ^. Thus all these elements of the rings R p j glue 
to give a regular function on Xj^, by construction of this latter space. This regular 
function is what we call $ q . By the definition of Xj, d q £ T(Xj, Oxj)- 

Now note that X° Jrs = Xj as defined in §2.11 Indeed, for any (t), / ) £ T) with 
dimr = 2 we have / = 1 mod J, so the open sets U Pit j, U Pi+1) j are glued trivially. 
Similarly, if dimr = 1 and p T0)V £" J, then / a = 1 mod J, so the sets U T!)t j coincide in 
both constructions. If p Ti ,,ip £ J, then by Lemma [2.191 again these open sets coincide 
in both constructions. 

We verify explicitly that the map 

(2.14) QL[P\/J)-» q -+T(X%O x .) 

is an isomorphism. We assume that E/ has at least three rays, leaving the straightfor- 
ward modifications in the case of two rays to the reader. We first prove surjectivity. 
Write Ui := U pi) j and U i>i+ i := C/j D U i+ i. Let h £ T(Xj, Ox°) be a global function on 
Xj. Observe that Xj is reduced and [J U^+i is a dense open set. So it suffices to show 
that the restriction of h to this open set coincides with the restriction of a (k[P]/J)- 
linear combination of the Write h iyi+ i = h\u ii+1 and h i)i+ i = J2 0I =a hi,i+i,q, 
where is a sum of monomials in r~ 1 (q) C V aii+1 . Then the satisfy the 

following compatibility. Let 7 : [0, 1] — > Bq be a path given by a straight line segment 
in the direction q with endpoints 7(0), 7(1) lying in the interiors of cr^+i and Ujj+i- 
Then is obtained from by parallel transport in P along 7 -1 followed by 

reduction modulo J. (In the case that 7 crosses a single ray of S, this follows from the 
definition of Uj and the inclusions Uj-\j C Uj, Ujj + i C C/j. The general case follows 
by induction.) In particular, if 7 crosses a ray of Ej then = (cf. Lemma E2Z])- 

Let a be the maximal cone of E/ containing cr^+i. Then the above compatibility yields 
the following. If the ray M>o • q is not contained in a then /i^i+i^ = 0. Otherwise, 
let C o be a maximal cone of E containing q. Then hi^ + i A is obtained from 

hjj + i )q by parallel transport in P along a path in a from <x,j+i to cr^+i. Now for 
g £ £>(Z) let <Jjj + i be a maximal cone of E containing q and write = a q z v<y< ^ 

where a g £ k[P]/J. We deduce that h = J2 q eB(z) a i^g- Thus (I2.14p is surjective. 
Finally, injectivity of ( 12. 14ft is clear by restriction to the open sets Ui^ + \. Hence f 1 2 . 141) 
is an isomorphism as required. 

It follows that Xj := SpecT(Xj, Ox°) is flat over Spec(k[P]/J) and the fiber over a 
closed point x is given by SpeckfEj. 
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Now let / be a J-primary ideal. Let i : Xj C Xj be the inclusion. Define a ringed 
space Xj with underlying topological space Xj by Ox\ '■= i*Ox° z - Then the natural 
map Ox'; —> Oxj is surjective by the existence of the lifts Thus Xj/ Spec(k[P]/7) is 
a flat deformation of Xjj Spec(k[P]/J) by Lemma [2.341 below. Now since Xj is affine 
it follows that X\ is also affine, so Xj = Xj := SpecT(Xj^, Ox° s )- 

We showed above that the $ q form a (k[P]/J)-module basis of T(Xj,Oxj)- Now 
since Xjj Spec(k[P]/J) is a flat infinitesimal deformation oiXj/ Spec(k[P]/ J) it follows 
that the $ g form a k[P] //-module basis of T(Xi, Ox r ), see Lemma [2.351 below. □ 

Lemma 2.34. Let Xq/Sq be a flat family of surfaces such that the fibres satisfy Serre's 
condition S2. Let i: Xq C X q be the inclusion of an open subset such that the comple- 
ment has finite fibres. Note that i*Oxg = Ox by Lemma \2.11\ 

Let So C S be an infinitesimal thickening of So and let X° — > S be a flat deformation 
of Xq/So over S. Define a family of ringed spaces X — >• S by Ox '■= i*Ox°- 

Then X/S is a flat deformation of X /S (that is, X/S is flat and X = X x s S ) 
if and only if the map 

(2.15) Ox ■= i*0 X o -> i*O X o = Ox, 
is surjective. 

Proof. The condition is clearly necessary. 

Conversely, suppose ( 12. 15ft is surjective. Let I C Os be the nilpotent ideal defining 
So C S. Let X°/S n denote the nth order infinitesimal thickening of X /So determined 
by X°/S, that is, O x?i = X o/l n+1 ■ X o and Sn = O s /T n+1 . Define X n /S n by 
Ox n '■= i*Ox%. Note that Ox n —> Ox Q is surjective because Ox — > Ox is surjective 
by assumption. We show by induction on n that X n /S n is a flat deformation of Xo/So- 
For n = there is nothing to prove. Suppose the induction hypothesis is true for n. 
Since X° +1 /S n+ i is flat (being the restriction of the flat family X°/S to S n+ i) we have 
a short exact sequence 

X n+l /l n+2 ® X o -> O x o +1 ^ X o -+ 0. 

Applying we obtain an exact sequence 

-+ z,(X" +1 /X" +2 s o X o) -+ o Xn+1 o Xn 

By Lemma [2.111 the first term is equal to X n+l /I n+2 <S> Ox - Moreover, the last arrow 
is surjective because Ox n+1 — > Ox is surjective, Ox n /1 • Ox„ = Ox by the induction 
hypothesis, and X is nilpotent. So we have an exact sequence 

(2.16) x n+1 /X n+2 ® O xo Xn+1 Xn 0. 
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It follows that 0x„ +1 /I" +1 -0i„ +1 = Ox n (using again that Ox n+1 —> Ox is surjective). 
Now by [Ma89] . Theorem 22.3, p. 174, the exact sequence (12. 16ft shows that X n+ i/S n+ i 
is a flat deformation of Xq/Sq. □ 

Lemma 2.35. Let A — >■ B be a flat homomorphism of Noetherian rings and I C A a 
nilpotent ideal. Suppose given a set S of elements of B such that the reductions of the 
elements of S form an A/I-module basis of B/IB. Then S is an A-module basis of B. 

Proof. Since I is nilpotent and S generates B/IB it is clear that S spans B. So we 
have an exact sequence 

->• K -> A s -> B -> 0. 
Tensoring with Aj I we obtain an exact sequence 

-> K/IK -> (A//) 5 — > B/IB — ^ 

using flatness of P over A. We deduce that K/IK = by our assumption, hence 
i(T = because / is nilpotent. □ 

Proposition 2.36. Let X I /S I : = Spec(k[P]/J) 6e family of Theorem\£M Then 
the relative dualizing sheaf Wx / /5 J trivial. It is generated by the global section Q given 
on local patches U p = Spec R p j by dlog X~ A dlog X = dlog X A dlog X + . Here we have 
used the notation of Lemma \2.1iA and have labelled the rays p_,p,p + in anticlockwise 
order. 

Proof. By the adjunction formula for the closed embedding 

x+ x ^m,x x Si, 

the dualizing sheaf 0Jx I /s I is freely generated over U p by the local section in the state- 
ment. These sections patch to give a generator Q of wxf^/Sj because the scattering 
automorphisms preserve the torus invariant differentials. Both c^Xz/s 1 / aud Ox r sat- 
isfy the relative S2 property i*i*jF = T where i: Xj C Xj is the inclusion ( |H04] . 
Appendix), hence c^Xz/s 1 / is freely generated by fl □ 

2.4. The algebra structure. In the previous section, we saw that the k[P] //-algebra 

R I = T(Xlv,O x? J 

defining the flat deformation Xi has a k[P] //-module basis of theta functions {d m \ m G 
P(Z)}. Here we derive a description of the multiplication rule on Ri using the geometry 
of the integral affine manifold B. We will use this (in the case of the canonical scattering 
diagram 3) can ) in £j5]to prove our deformation is algebraic when D is not negative semi- 
definite. 
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Definition 2.37. For a broken line 7 with endpoint Q G r G X, define 3(7) G A T , 
0(7) G k[P] by demanding that 

Mono(7) = 0(7) -2^ (s(7)) . 

Write Limits(7) = (q, Q) if 7 is a broken line for q and has endpoint Q G B. 

Theorem 2.38. Let q\,q 2 G B(7*). In the canonical expansion 

$q% " $q 2 = ^ ^ CYg'dq, 

where a q G k[P]/J /or eac/i q, we have 

«« = 0(71)0(72) 
(71,72) 

Limits (7; )=(<j;,z) 
s (7i)+s(72)=<? 

i/ere z £ B is a point very close to q contained in a cell r , and we identify q with a 
point of A T using Remark \2.1\ 

Proof. To see what the coefficient of $ q is, choose a point z G B very close to q, and 
describe the product using the lifts of z qi , z q2 at z: 

(Lift 2 ( ?1 ))(Lift z (g 2 )) = J2 a i' Lif W)- 

q' 

Now observe first that there is only one broken line 7 with endpoint z and 5(7) = q G 
A T : this is the broken line whose image is z + M>o9- Indeed, the final segment of such 
a 7 is on this ray, and this ray meets no scattering rays, so the broken line cannot 
bend. Thus the coefficient of Lift 2 (g) on the right-hand side of the above equation can 
be read off by looking at the coefficient (in k[P]/J) of z LPt ^ . This gives the desired 
description. □ 

3. The canonical scattering diagram 

Here we give the precise definition of 2) can , the scattering diagram suggested by 
the regluing in the symplectic heuristic, §0.6.11 As explained in §0.3.21 it is defined 
in terms of A 1 -classes. We begin by recalling necessary facts about relative Gromov- 
Witten invariants used to count them. 

Definition 3.1. Let (Y,D) be a rational surface with D an anti-canonical cycle of 
rational curves, and let C be an irreducible component of D. Consider a class /3 G 
H 2 (Y 1 Z) such that 

(3.1) P-Di = 
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for some kp > 0. Let F be the closure of D \ C, and let 

Y° := Y \ F, C° :=C\ F. 

Let 9Jl(Y°/C°, (3) be the moduli space of stable relative maps of genus zero curves 
representing the class (3 with tangency of order kp at an unspecified point of C°. (See 
|Li00j . |Li02] for the algebraic definition for these relative Gromov-Witten invariants, 
and [LROlj . |IP03] for the original symplectic definitions.) We refer to (3 informally as 
an A 1 -class. The virtual dimension of this moduli space is 

-Ky ■ f3 + (dimf - 3) - (kp - 1) = 0. 

Here the first two terms give the standard dimension formula for the moduli space of 
stable rational curves in Y representing the class /3, and the term kp — 1 is the change in 
dimension given by imposing the kp-iold tangency condition. The moduli space carries 
a virtual fundamental class. Furthermore, we have 

Lemma 3.2. ^JtiY / C° , (3) is proper overk. 

Proof. This follows as in the proof of |GPS09] , Theorem 4.2. In brief, let R be a 
valuation ring with residue field K, with S = Spec R, T = Spec K. We would like 
to extend a morphism T — > DJl(Y° / C° , f3) to S. We know that the moduli space 
%Jl(Y /C, (3) is proper, so we obtain a family of relative stable maps C — > S to Y. We 
just need to show that in fact the image of the closed fibre Co lies in Y°. However, the 
argument in the proof of |GPS09j . Theorem 4.2 shows that if the image of Co intersects 
F, then Co must be of genus at least 1, which is not the case. □ 

Given this, we define 

Np := [_ 1. 

Morally, one should view Np as counting maps from affine lines to Y \ D whose closures 
represent the class (3. 

In what follows, we fix as usual the pair (Y, D), B = B^d), and ip the function given 
by Example 12.31 for some choice of t] : NE(Y) — > P. 

Definition 3.3. Assume P is equipped with a homomorphism 

7] : NE(Y) P. 

Let ip be the multi- valued piecewise linear function on (B, E) given by Example 12.31 
Fix a ray C B with endpoint the origin, with rational slope. If d coincides with a 
ray of S, set £' := S; otherwise, let £' be the refinement of £ obtained by adding the 
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ray 9. This gives a toric blow-up tt : Y — y Y (the identity in the first case) by Lemma 
11.171 Let C C ti^ 1 {D) be the irreducible component corresponding to 0. 

Let r £ E be the smallest cone containing d. Let m a £ A Ts be a primitive generator 
of the tangent space to d, pointing away from the origin. Define 



/o := exp 



(T*(/8))-VTj,(fe^"i a ) 



Here the sum is over all classes (3 £ Hi(Y , Z) satisfying (13. ip . Note that if Afg 7^ 0, then 
necessarily Jm(Y°/C°,j3) is non-empty, and thus (3 £ NE(Y), so 7T*(/3) £ NE(Y). We 
note that E' can be replaced with a further refinement, as Y°/C°, and so the numbers 
N/3, does not depend on the particular choice of refinement. 
We define 

£) can : = {(a, /„) I c 5 a ray of rational slope}. 
We call a class (3 £ H 2 (Y, Z) an A^c/ass if Np ^ 0. 

Remark 3.4. In theory, one should be able to use logarithmic Gromov-Witten invariants 
|GS11] to define Np without the technical trick of blowing up and working on an open 
variety. This would be done by working relative to D, and counting rational curves 
of class (3 with one point mapping to the boundary with specified orders of tangency 
exactly as done in §0.4. However, we do not yet know that this way of defining A^ 
coincides with the method given above, and the definition given above was used in the 
arguments of |GPS09j . on which we rely. 

Lemma 3.5. Let J C P be an ideal with vJ = J. Suppose the map r\: NE(F) — y P 
satisfies the following conditions: 

(1) For any ray d C B of rational slope, let tt : Y —y Y be the corresponding blow- 
up. We require that if dimr = 2 or dimr = 1 and p Ta , v ^ J then for any 
A^^-class (3 contributing to / 0; we have r)(7r*({3)) £ J. 

(2) For any ideal I with \fl = J, there are only a finite number ofd and A 1 -classes 
(3 such that 77(71"* ^ /. 

Then 25 can is a scattering diagram for the data (B, E), P, ip, and J. 

Proof. Note that 

if and only if 77(71"* (/?)) £ /. So the hypotheses of the lemma imply conditions (2)-(4) 
of Definition [2Tn □ 



Example 3.6. Let a C Ai(Y) ®% R be a strictly convex rational cone containing 
NE(Y). (This can be obtained as the dual of a strictly convex rational cone in Pic(Y)®z 



66 MARK GROSS, PAUL HACKING, AND SEAN KEEL 

M which spans this latter space and is contained in the nef cone.) Let P — af] Ai(Y). 
Since a is strictly convex, P x = 0. For any m-primary ideal /, P \ I is a finite set. Let 
t] : NE(Y) — > P be the inclusion. Then the finiteness hypotheses of the above Lemma 
hold for J = m (note that the conditions (13 .11) determine (3 G Ai(Y) given 7r* (/?)). 

Example 3.7. We return to the example (Y, D) of a del Pezzo surface together with a 
cycle of 5 (— l)-curves studied in Example 11.81 Let P = NE(F) and rj be the identity. 
Then £) can consists of five rays: 

D can = {( Pi? i + z [*y-*>Pi(«i)) 1 1 < i < 5}. 

Here -Ej is the unique (— l)-curve in Y which is not contained in D and meets D L 
transversally, and V\ is the primitive generator of the ray pi corresponding to D{. To 
derive this formula from the above definition of the canonical scattering diagram one 
needs to show that the only possible stable relative maps contributing to £> can are 
multiple covers of the E^s, and that a /c-fold multiple cover contributes a Gromov- 
Witten invariant of (— l) fc_1 //c 2 . It is easier to compute this using the main result of 
|GPS09j , which is done by way of Proposition 13.261 See Example 13.281 

If we accept this description of S) can , then we can describe all broken lines and the 
multiplication law given by this diagram. 

We first note that no broken line can wrap around G B, i.e., if a broken line leaves 
a cone a G E max , it will never return to that cone. It is enough to check this for a 
straight line (as the bending in any broken line is always away from the origin), and 
this is easily verified, using e.g., Figure [LT1 

Next, since the only scattering rays are the rays p G E, if q, Q G a G S max , then 
the obvious straight line is the unique broken line for q with endpoint Q. Thus if 
we describe fiq in the open subset of ^/ S can corresponding to a, $ q is just the toric 
monomial z^"^ . It follows that 

u Vi U v i+ i ~ u avi+bv i+1 

for a, b > 0. In particular, the ^'s generate the k[P] //-algebra T{Xi,Ox I )-, and the 
algebra structure is determined once we compute $ v . ■ $ Vi+2 ■ 

We consider a broken line for Vi. One checks the following, using Figure [1J] and the 
above description of S) can : The broken line can cross at most two rays of E, and it 
bends at most once, at the last ray of E that it crosses. See Figure 13.11 From this one 
deduces using Theorem 12.381 

(3.2) ^_^ Vi+1 =z^ Vi +z^). 

The term ■{} Vi corresponds to two straight broken lines for i>j+i, with endpoint 
the point V{ of pi. The term z' D ^ • z^ Ei ' is the coefficient of 1 = $o- To compute this we 
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FlGURE 3.1. The different types of broken lines in Example 13.71 

use the invariance of broken lines, and so choose a generic point Q near and compute 
the coefficient «o of $0 using pairs 7, as in Theorem 12.381 whose final directions are 
opposite, i.e., 5(71) + 5(72) = 0. If we take Q G cr i)i+ i, then there is exactly one term 
contributing to «o: 71 will bend once where it crosses pi, and 72 is straight. 

One can check that the five equations (I3.2p define Xj. These equations are algebraic, 
and in fact define a flat family over Speck[NE(F)]. (This is always the case in the non- 
negative semi-definite case, see Corollary I5.10p . The fibre of this family over the unit 
in the open torus orbit of the base is obtained by specializing to = z^ = 1, we 
obtain the A 2 -cluster algebra, see |G07] . 

Next we prove that 2} can is consistent — thus completing our construction of our mir- 
ror family Xj for any / with \fl = J. Consistency is an entirely reasonable expectation 
- in the symplectic heuristic the regluings from £) can are derived from the consistency 
condition. But of course that was a purely heuristic discussion, and our actual proof 
is based on rather different ideas. As we explain in §0.6.2[ the main point is that J) can 
is a limit (under moving worms) of scattering diagrams built from Lemma 13.241 - 
diagrams about which we know essentially nothing except that they satisfy a natural 
local consistency requirement (the composition of scattering automorphisms associated 
to a small loop around a smooth point is the identity), and thus are consistent by an 
argument from [CPSj . 

Our goal now is to prove the following (the final step in the construction of our 
mirror family): 
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Theorem 3.8. Suppose that we are given a map t] : NE(Y) — > P such that (p is defined 
as in Example \2.3\ by p P)ip = r)([D p ]). Suppose furthermore the following conditions hold: 

(I) For any A 1 -class (3, 77 (7r* (/?) ) G J; 

(II) For any ideal I with \fl = J, there are only a finite number of A 1 -classes 

such that t)(tt*({3)) I. 
(Ill) 7]([D p ]) G J for at least two boundary components D p C D. 

Then £) can is a consistent scattering diagram. 

We include here an observation we will need later showing that the canonical scat- 
tering diagram only depends on the deformation class of (Y, D). 

Lemma 3.9. Let (y, T>) — >• S be a flat family of pairs over a connected base S, with each 
fibre (y s ,T> s ) being a non-singular rational surface with anti- canonical cycle. Suppose 
further that there is a trivialization T> = D x S . Then for any s, s' G S, (y s ,T> s ) and 
(y s ',1^s') induce the same canonical scattering diagram, after making an identification 
of H2(y s ,'Z) with H2(y s >,%) via parallel transport with respect to the Gauss-Manin 
connection along any path from s to s' . 

Proof. It is enough to show that the numbers Np are deformation invariants in the above 
sense, i.e., if we are given a family 7r : (y,T>) — > S with each fibre as in Definition 13.11 
with an irreducible component C C T>, then the number 

Np,s ■= [_ 1 
J[w(y°/c°,/3)] vir 

is independent of s. Indeed, once this is shown, then if Np )S 7^ 0, necessarily f3 defines a 
class in NE(34), as well as in NE^s')' under the chosen identification. This invariance 
follows from the standard argument that (relative) Gromov-Witten invariants are de- 
formation invariants, with a little care because our target spaces are open. For this, one 
considers the moduli space Vyt(y°/C°, (3) of stable maps to y° relative to C° and whose 
composition with ir is constant. Then one has a map ip : ffll(y°/C°,/3) — > S whose 
fibre over s is Wl(y°/C°, f3). Letting f be the inclusion of this fibre in M(y°/C°,/3), 
deformation invariance will follow if we know that 

^[M(y°/c o ^)] mr = [M(y°jc° s: i3)] vir 

and ip is proper. The first statement is standard in Gromov-Witten theory. The second 
point, the properness of ift, follows exactly as in the proof of Lemma [3.21 □ 

3.1. Reduction to the Gross— Siebert locus. We now begin the proof of Theorem 
13.81 following the outline given in §0.6.21 We will, however, prove a number of lemmas 
in a slightly more general context, as we will need some more general consistency results 
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in [K3j . We assume we are given (Y, D), r\ : NE(Y) — > P and ip denned as in Example 
12.31 and a radical ideal J C P. Suppose we are given a scattering diagram 2) for this 
data; the application in this paper will be 2) = 2) can . In particular, the hypotheses of 
Theorem 13.81 imply 2) can is a scattering diagram for this data. 

We first show that we are free to perform toric blowups on (Y, D). 

Proposition 3.10. Let p : (Y, D) — > {Y,D) be a toric blowup. Then if we take 
fj := 7] o p* : NE(Y) — > P, then 2) can also be viewed as a scattering diagram for 
B^y £)),-P. Furthermore, if D is consistent for this latter data, it is consistent for the 
data B(y,d), P ■ 

Proof. Decorate notation, writing for example B, E for the singular affme manifold 
with subdivision into cones associated to (Y, D). By Lemma P.. 171 we have a canonical 
identification of the underlying singular affine manifolds B = B, and E is the refinement 
of E obtained by adding one ray for each p-exceptional divisor. We have multi- valued 
piecewise linear functions ip on B and <p on B. We can in fact choose representatives 
so that <p = tp. Indeed, p Pt ^ = r](p^([D p })) where D p is the irreducible component of D 
corresponding to p. But p*{\D p }) = if p E, and p*([D p }) = [D p ] if p G E. Thus <p 
in fact has the same domains of linearity as tp, and the same bending parameters, so 
we can choose representatives which agree. 

As a consequence, we note that the sheaves V and V on B Q defined using ip and <p 
coincide. Furthermore, if p C a are cones in X, with p G E the smallest cone containing 
p and cr G E the smallest cone containing a, there is a canonical identification of P^ p 
with P{p- and a canonical isomorphism 

(3-3) Rp,a,I — Pp,a,Ii 

note the slightly non-trivial case when dim p = 1 but dim p = 2, in which case we use 
the fact that p p ^ = 0. 

Using these identifications, we can view 2) as living on B, and as such, one sees from 
the definition that 2? is a scattering diagram for the data B, P, <p>. 

Now suppose a/7 = J- One observes that the set of broken lines contributing 
to Liftg(g) are the same whether we are working in B or B. Thus if Q G cr G 
E max , LiftQ(g) G Ra,a,i, defined using B, coincides under the isomorphism (13. 3 p with 
Liftg(g) G R a ,a,i- From this one sees easily that if 2) is consistent for Y, it is consistent 
for Y. □ 

Corollary 3.11. Given Y,P,t], J satisfying the hypotheses of Theorem \3.8[ then The- 
orem lcTR holds for this data if it holds for the data Y, P, fj, J. 
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Proof. By the proposition, one just needs to check that the canonical scattering dia- 
grams defined using Y or Y are identical. Indeed, given a ray d C B, we can choose 
a refinement E' of E which is also a refinement of E, giving maps n : Y' — > Y and 
rr :Y' ->Y. Then for an A^class G H 2 {Y',Z), vMP)) = v(^M), and so / a is the 
same for Y and Y. □ 

Proposition 3.12. Suppose we are given monoid homomorphisms 

ne(7)ApAf 

with rj = ipof). Let Tp be the multi-valued piecewise linear junction defined using P, fj, so 
that ip = ip oTp is the function defined using P, rj. Then ip induces maps ip : P^ — > P lfT . 
For any f G kfP^J, we can then view ip{f) as a formal sum of monomials in k[P VT ], 
though in general ip(f) need not lie in kfP^J. Suppose lb is a scattering diagram for 
the data B,P , m = P \ P x , such that D = ip(T>) is a scattering diagram for the data 
B, P, J, where 

^) = {(Di(/ } ))|(s,/ 5 )e3}. 

Thus in particular if)( fx,) lies in k[P^ r ] for each d. If Tl is consistent for P,fj,m, then 
T) is consistent for P, r/, J. 

Proof. The monoids P and P yield sheaves V and V over Bq. The map ip : P — > P 
induces a map of sheaves ip : V — > V using tp = ipoft, and hence it also induces monoid 
homomorphisms tp : P^ r — > P V , T . 

Let q G B (Z). Then if 7 is a broken line for q with endpoint Q with respect to the 
barred data, i.e., P, V etc., we can construct what we shall call ^(7). This will be the 
data required for defining a broken line for the unbarred data, consisting of the map 
^(7) : (—00, 0] — > B coinciding with 7, and we simply apply ip to the monomial 1712,(7) 
attached to a domain of linearity L of 7 to get the attached monomial for ^(t)- This 
is not a broken line for the unbarred data, as condition (3) of Definition 12.221 need not 
hold, precisely because ip : V — > V need not be injective. 

To rectify this, fix an ideal I C P with \fl = J, Q G cr g E, and let 23 be the set of 
broken lines 7 for the barred data with endpoint Q such that ^(Mono(7)) ^ I ■ k[Pp CT ]. 
The same finiteness argument of Lemma 12.301 shows that 03 is a finite set. We then 
define an equivalence relation on 03 by saying 7i ~ 72 provided ^(71) and ^(72) coincide 
except possibly for the k- valued coefficients of the monomials attached to the domains 
of linearity. Given an equivalence class £ C 23 with respect to this equivalence relation, 
we will show there is exactly one broken line 7^ for the unbarred data such that 

(3.4) J^(Mono(7)) = Mono(7 5 ). 

76? 
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Furthermore, every broken line 7 for the unbarred data with Mono(7) (jL PkfP^J arises 
in this way. 

Define 7^ to be the broken line with underlying map given by any element of £ 
with the following attached monomials. For any domain of linearity L = [s,t] for 7^, 
choose a maximal subset £l C £ of broken lines such that 7i|(-oo,t] 7^ 72 1 (-«>,*] f° r an Y 
7i)72 G £l- Then define 

One then checks easily that 7^ is a broken line, now satisfying (3) of Definition 12. 22} 
and (13.41) is satisfied since for L the last domain of linearity of 7^, one takes £l = £■ 
Furthermore, it is easy to see that any broken line for the unbarred data with the same 
underlying map and attached monomials at most differing by their coefficients from 7^ 
must in fact coincide with 7^. This shows the claim. 

Since the broken lines in 25 only involve bending at a finite number of places and 
crossing rays of E only a finite number of times, there is some k > such that for any 
7 G <B, Mono(7) G k[Prp T ] does not lie in m k ■ k[Pp r }- If we then take I = xn k + ^(Pj, 
then it is clear from ( 13.4}) that 

^(nft Q (g))=Lift Q (g), 

where Liftg(q') is the lift defined with respect to the ideal I and the other barred data, 
and Liftg(q') is defined with respect to the unbarred data and the ideal I. Thus if 
consistency holds for the barred data, it holds for the unbarred data. □ 

As a consequence of Proposition II . 191 and Corollary l3.il} in order to prove Theorem 
13.81 (i.e., with D = S? can ), we may assume we have a toric model p : (Y, D) —> (Y, D) 
with D = D\+- ■ -+D n . Furthermore, by replacing (Y, D) with a deformation equivalent 
pair and using Lemma [3.9} we can assume that p is the blowup at distinct points Xij, 
1 ^ j < P-ii along Di, with exceptional divisors Eij. Let pi G E be the ray corresponding 
to the proper transform of Dj. 

By Proposition ^. 121 we can replace P with a better suited choice of monoid. We shall 
do this as follows in the case that D = £) can . As in Example 13.61 the nef cone JC(Y) C 
yl 1 (Y,]R) contains a strictly convex rational polyhedral cone a, so a v C Ai(Y,R) is a 
strictly convex rational polyhedral cone containing NE(Y). The map 77 : NE(Y) — > P 
induces a map 77 : Ai(Y, M.) — > P^ p . There is some rational polyhedral cone op C P^P 
such that P = op n P gp . In addition, let H be an ample divisor on Y, so that 
NE(Y) D (p*H)^ is a face of NE(Y), generated by the classes [Eij]. Now take 

ap = ri~ 1 (a P )na x/ D {q G A 1 (Y, E) | p*P • g > 0}, 



72 



MARK GROSS, PAUL HACKING, AND SEAN KEEL 



and take 

p = ffpnAi(y,z). 

As <7p is strictly convex, (P) x = {0}, m = P \ {0}, and if I is an m-primary ideal, 
P \ I is finite. Thus the hypotheses of Theorem 13.81 trivially hold for fj : NE(Y) — > P. 
By Proposition I3.12[ we can replace P with P to prove Theorem 13.81 

To summarize, we will now make four assumptions in order to prove a given scattering 
diagram D is consistent; the above discussion shows these assumptions can be made 
in the case of D = D can . 

Assumptions 3.13. • There is a toric model 

p:(Y,D)^(Y,D) 

which blows up distinct points Xij on Di, with exceptional divisors E^. 

• t] : NE(y) P is an inclusion, and P x = {0}. 

• There is a face of P whose intersection with NE(Y) is NE(Y) D (p*H) ± . Let G 
be the prime monomial ideal given by the complement of this face. 

• j = m = p\{ }. 

We assume we are given a scattering diagram D for this data. 
Note that G^m unless p is an isomorphism. 

Definition 3.14. The Gross-Siebert locus is the open torus orbit T of Speck[P]/G. 

The next step will be to extend our family to the formal completion of Speck[P] 
along the toric boundary stratum associated to G, and then check the explicit equalities 
in Theorem 13.81 after restricting to the formal thickening of the Gross-Siebert locus. 
This reduces us to the two-dimensional situation of [GS07] . In terms of the integral 
affine manifold, we will pass from B(y,d) to the smooth manifold Bry-jj) — H^ 2 by first 
factoring the singularity into a collection of ii-singularities, one for each point blown- 
up under p (this yields the manifold B' of §0.6.2p and then pushing these singularities 
to infinity along their invariant directions. We will be left with a scattering diagram 
in ordinary affine space, the context of the broken line construction in [G09| . 

We first analyze an important property of S) can in this situation; we will then continue 
our analysis assuming that 2) shares this property. 

For each ray pi in S, we have a unique ray (pi, f Pi ) E S) can with support p». The 
following describes f p . mod G. 

Lemma 3.15. 

= 9* IE 1 + 

3=1 
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where X, = z tppi ^ Vi ' with Vi a primitive generator of pi, bij = z ^ 1 ^ and g Pi = 1 
mod G. The j th term of the product is the contribution from A 1 -classes coming from 
multiple covers of the p- exceptional divisor Eij, and g Pi is the product of contributions 
from all other A 1 -classes. 

Proof. Note that in denning f Pi using the definition of the canonical scattering diagram, 
we take Y — Y. Now the only terms that contribute to f Pi mod G will involve classes 
G NE(V) C A\(Y) with T)(/3) G" G, so in particular, such a must be a linear 
combination Y^=i c j [Eij] > w hh kp = X] c j- Furthermore, if / : C — > Y contributes to 
Np, f(C) must be contained in |J i . E^. Indeed, if f{C) has an irreducible component 
D not contained in this set, then r/([-D]) G G, so ?7(/*([C])) G G, as G is an ideal. But 
t/(/*([C])) = r}(/3), which we have assumed is not an element of G. 

Since f{C) is connected and intersects Dj, we now see that the image of / is Ey for 
some j, and in particular, / is a degree hp cover of E^. Then Theorem 6.1 of |GPS09] 
tells us that the contribution from /cg-fold multiple covers of E^ is (— l) fe/3_1 //c^. From 
this we conclude that 

Li 

= exp(h) IX(1 + hjXr 1 ) 

where h G G. We take g Pi = exp(h). □ 

Corollary 3.16. U Pu g is isomorphic to the hypersurface of Equation (10.101) . 

Proof. Since the g Pi = 1 mod G, they are already units in R Pi>a ±,G and so do not 
contribute to the isomorphism type of the fibre product, equation (12.91) . Now the 
result follows from Lemma 12.191 □ 

Corollary 3.17. £> can is a scattering diagram for the data (5,S), P, if and G. 

Proof. Fixing an / C P with \fl = G, there exists a bound n such that q G P \ I 
implies q ■ p*H < n, where if is a fixed ample divisor on Y. Thus if /3 is an A 1 -class 
with rj{iY^{l3)) G P \ J, there are only a finite number of choices for p*ir*(3, and for each 
of these choices, there are only a finite number of choices of ir*j3. This shows condition 
(4) in Definition 12.171 of scattering diagrams, from which also follows condition (2). 
Note that p Pi ^ = [Di] G G for each i so condition (3) is vacuous for dimr a = 1. If 
dimr a = 2, any contributing A 1 -class j3 satisfies 7i^f3 G G, so (3) holds. □ 

Theorem 3.18. We follow the above notation. 
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(1) £) can is consistent as a scattering diagram for (B, £) , P, tp, and G. 

(2) Theorem \3.8i follows from (1). 

Proof. We shall for now only show item (2). This just follows from the series of re- 
ductions of Theorem 13.81 already made and the observation that if /' is an m-primary 
ideal, then since G C m one can find some k such that kG c/'. To show consistency 
holds for the ideal I', we use (1) to observe consistency holds for the ideal / = kG, and 
this gives the desired result. □ 

Remark 3.19. Given a consistent scattering diagram D for (P,E), P, tp, and G, The- 
orem 12.331 shows that with y/l = G, 

is flat over SpeckfP]//, and X G = V n x Speck[P]/G. 

Let T C Speck[P]/G be the Gross-Siebert locus, Definition 13. 141 Note T determines 
open subschemes of the thickenings Spec Ik [P]//, which we will shall denote by Tj. 

We can describe the subscheme Tj of Speck[P]/J as follows. Let E C P gp be the 
lattice generated by the face P\G. Then as a subset of Speck[P]/G, T = Speck[P]. 
Furthermore, if we take the localization P + E of P along the face P\G, then Tj as a 
subscheme of Speck[P]/J is Speck[P + E}/{ I + E). 

Note that mp + E = (P + E) \ E, and G = P D mp + E, so we can write k[E] = 
k[P + E]/m P+E . 

We can now view ip as a multi-valued strictly (P + P)-convex function. Then we 
have the following obvious 

Lemma 3.20. Suppose D is a consistent scattering diagram for the data (B, S) ; P+E, 
tp, mp+E- Then D is consistent as a scattering diagram for (B,Y,),P,ip and G. In 
particular, Theorem VJ.ltA (1) holds if £) can is consistent as a scattering diagram for 
P + E, m P+E . 

For / C mp + E an ideal with VP = mp +E , and I = I D P, then Xf^, which is flat 
over Speck[P]/J, when restricted to the open set Spec k[P + E]/I gives the flat family 

We now replace P by P + E and J by mp+E i n what follows. 

Now consider the affine manifold B := Bfy^pj)- By Example 11.21 B in fact has no 
singularity at the origin, and is affine isomorphic to Mr = M 2 (with M = Z 2 ), while 
S is precisely the fan for Y. In order to distinguish between constructions on (Y, D) 
and (Y, D), we decorate all existing notation with bars. For example, if r 6 E, denote 
the corresponding cone of S by f. Let <p be the multi-valued P^ p -valued function on 
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B such that 

=P*[D pi- 
Note that by Lemma [1.141 we can assume tp is in fact a single-valued fuction on Mr. 
This single-valuedness will be important to be able to apply the method of Kontsevich 
and Soibelman, Lemma 13.241 We then have the associated Pjf-bundle ¥ : Po — > Bo, 
with convex section Tp : B — > P , by the construction of §2.11 

We now have sheaves V on B and V on B , induced by the two functions <p and tp 
respectively. 

Note that since tp is single-valued and B has no singularities, V is the constant sheaf 
with fibre P gp © M. 

There is a canonical piecewise linear map 

v : B -> B 

which restricts to an integral affine isomorphism u\ a : a — > a, where a G S m ax and 
& £ S max is the corresponding cell of S. Note this map identifies P(Z) with P(Z). 

Lemma 3.21. There is a unique piecewise linear map 

v : Po -> Po 

satisfying 

• 7T O Z> = Z7 O 7T . 

• v is equivariant for the P^ 9 -action. 

• V O tp = tp O V . 

Proof. Existence and uniqueness are clear, since both sides are bundles of P gp torsors. 

□ 

For each maximal cone a G S max , the derivative v* of v induces a canonical identifi- 
cation of Ab,(t with Ag tW . This then gives an induced isomorphism of monoids: 

(3-5) u a : P^ -> P^ 

given by 

for p G P and m G A CT . This identifies the k[P] -algebras k[P v J and k[P^_], and the 
completions k[P v J and k[P^_]. 

Because the map v is only piecewise linear around rays p G S, there is only a 
piecewise linear identification of with P^- and hence no identification of the corre- 
sponding rings. However, u* is still defined on the tangent space to p, and there is an 
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identification 

u p : {(ppim) + p | m is tangent to p, p G P} — > {<pp(m) + p \ m is tangent to p, p G P} 
given by 

<p p (m) + p f-> ^(^(m)) + p. 

We now explain the Kontsevich-Soibelman lemma. This has to do with scattering 
diagrams on the smooth affine surface Mr = M 2 (such as B = Bry-fi))- For this general 
discussion, we fix the data of a monoid Q which comes along with a map r : Q — > M. 
Let ttiq — Q \ Q x , and let k[Q] denote the completion of k[Q] with respect to the 
monomial ideal trig. (In our application we take Q = as defined in (II. 3p .) 

We can then consider a variant of the notion of scattering diagram: 

Definition 3.22. We define a scattering diagram for the pair Q, r : Q — >■ M. This is 

a set 

S = {(*,/.)} 

where 

• c) C Mr is given by 

= — ]R> m 

if is an outgoing ray and 

fj = f> m 

if t> is an incoming ray, for some mo G M \ {0}. 

• hek\Q]. 

• /o = 1 mod m Q . 

• / = 1 + ^2 p CpZ p for c p G k, r(p) ^0a positive multiple of m . 

• For any k > 0, there are only a finite number of rays (0, / a ) G 2) with / a ^ 1 
mod trig. 

Definition 3.23. Given a loop 7 in Mr around the origin, we define the path ordered 
product 

7)D : k[Q] -»• k[Q] 

as follows. For each A; > 0, let C 3 be the subset of rays (0, / ) G 33 with /a ^ 1 
mod trig. This set is finite. For D G D[k] with 7(^0) £ ^ , define 

9*y.k[Q]/m k Q ^k[Q]/m k Q 

by 
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for n d G M* primitive satisfying, with m a non-zero tangent vector of D, 

(n o ,m) = 0, (7i 9 ,7'(t )) < 0. 
Then, if 7 crosses the rays Di, . . . , V n in order with D[k] = {Vi, . . . , d n }, we can define 

We then define # 7i £ by taking the limit as k — > 00. 

The following is a slight generalisation of a result of Kontsevich and Soibelman which 
appeared in [KS06J . 

Theorem 3.24. Let D be a scattering diagram in the sense of Definition \3. 2R Then 
there is another scattering diagram Scatter(S)) containing D such that Scatter(S)) \ D 
consists only of outgoing rays and # 7 ,Scatter(x>) is the identity. 

For a proof of this theorem essentially as stated here, sec [GPS09J, Theorem 1.4. 
The result is unique if Scatter(S)) \ D has at most one ray in each possible direction; 
we shall assume Scatter (D) has been chosen to have this property. This can always be 
done. 

We apply this in the following situation. We take Q to be the monoid P^ which 
yields the Mumford degeneration associated to the data (B, E), if (recalling B = Mr), 
defined by 

P- = {( m? (p(rn) +p)\m e M,p e P} C M x P gp . 
This comes with a canonical map r : P^ — > M by projection. 

Definition 3.25. Let D be a scattering diagram for the data (B, £), P, if, trip. Suppose 
furthermore that D has at most one outgoing ray in each possible direction, and that 
for (pi, f Pi ) G 2) the unique outgoing ray with support p i; 

k 

f Pt =g Pl U(l + b ZJ X^) 

i=i 

for some g p . = 1 mod G (so in particular 3) can satisfies this hypothesis, by Lemma 
I3.15p . We define a scattering diagram on B as follows. For every ray (D , / ) G D 
not equal to (pi, f Pi ) for some i, ^(£>) contains the ray (z/(0), //^(/j,)), and for each ray 
(Pi> fpt), ^(25) contains two rays, (p u v TT) (g Pi )) and (p u Uf =1 (l + K^Xi)). 

We note that ^(2)) may not actually be a scattering diagram in the sense of Definition 
13.221 as it is possible that f d ^ k[P^\: if p G P Vt , then v T {p) G P^ t but need not lie in 
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In the case of 2) = 2) can , we can use the Kontsevich-Soibelman lemma to describe 
z/(2) can ). This will both show that z/(2) can ) is a scattering diagram in the sense of 
Definition 13.221 and that it satisfies an important additional property which will allow 
us to prove consistency. Let 

(3.6) So = {(Pi, + b^Xi)) \l<i<n}. 

3=1 

Let = P(p\ Pm as usual. Then by the strict convexity of (p, Xi e so that S is 
a scattering diagram for the pair P^, r in the sense of Definition 13. 22[ Now define 

2) := Scatter(2) ) 

where we require 2) \ 2)o to have only one outgoing ray in each direction (and no 
incoming rays). 

Proposition 3.26. 2) = z/(2) can ). In particular, u(D ca,n ) is a scattering diagram in the 
sense of Definition \3. 22\ and lj = 1 for a loop 7 around the origin. 

Proof. The result follows (after some work) from the main result of |GPS09j . We 
will explain this derivation in §3.31 The precise statement we need here is Theorem 
[3381 □ 

Remark 3.27. As explained in §0.6.21 the sign changes between i/(2) can ) and 2) are 
explained by the fact that on B we have moved the singularities to infinity. If instead 
they were at finite distance, then the input diagram, call it 2)' , would have for each 
singular point an additional outgoing ray, with attached function 

ri( i +w 1 )- 

3=1 

(If we think in terms of K3 degenerations as in Remark this is the only possible 
choice of functions that is symmetric with respect to flops and dependent only on the 
flopping curve.) Now when we take the limit as the singular point moves to the origin, 
the incoming ray disappears, and this outgoing ray remains. 

Example 3.28. Continuing with Example I3.7[ note that the pair (Y, D) can be ob- 
tained from the toric pair (Y,D) defined by the fan E with rays generated by (1,0), 
(1,1), (0, 1), (—1, 0) and (0, —1), corresponding to Di, . . . , D 5 , by blowing up one point 
on each of Z) 4 and D 5 . This description determines T)q and hence 2). One can check this 
description agrees with that given in Example 13.71 for 2) can , see e.g. |GPS09j . Example 
1.6 for a similar computation. 
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Now suppose we have a scattering diagram D for (B, E), P, <p, xtip as in Definition 
13.251 and suppose that D satisfies the hypotheses of that definition, and that v{T>) is a 
scattering diagram in the sense of Definition 13.221 (For example, by Proposition 13.261 
X) = £> can satisfies these assumptions.) For / cPan ideal with a/7 = J, we now have 
deformations Xj^ and X° The latter scheme is glued from open sets 

Upj = Spec Rpj 

along open sets identified with Spec Ra,a,i- Here we are decorating the rings coming 
from the data on B with bars as before, while we maintain the notation R p j, etc., for 
those rings coming from the data on B. 



Lemma 3.29. With 2) satisfying the hypotheses of Definition \3.2U and a scat- 

tering diagram in the sense of Definition \3.20, there are isomorphisms 



and 



Pi ■ R Pi ,i -> Rp u i 



Pi—l,i ■ Rai-i^jCTi-i^,! ^ -f^cr,_i i i,<Tj_i > j,/ 



for all i such that the diagrams 



R Vi-l,i,Vi-l,i,I R Pi,I 
Pi-l,i Pi 

R Vi-l,i,Vi-l,i,I RpiJ 



D 

- n, 0"i,i + l,O'i,i + l,/ 
Pi,i + 1 

"75 

CT i,; + l> cr i,i+l>7 



and 



— 1 , i ? CT i — 1 , i j 



Pi-i, 



W 7,i/(D) 



Pi-1, 



- rt O"i-l,i,0'i-l, 



are commutative. 

Consequently, the maps Pi and Pi-\^ induce an isomorphism 



p : X° IL 



over Speck[P]/J. 
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Proof. To describe p i} use the representations R' pI and R'^ j given by Lemma 12.191 so 
that 

Rl mpyi^x^xt, x i+1 ] 



# = (k[P]/Z) X*^] 

We simply define pi to be the identity on k[P]/J and Pi(Xj) = Xj. This makes sense 
since Df = Df - E { and [A] = P*[A] - £j=i so that 

i=l / \i=l / \i=l 



The map pi-\^ is induced by v ai _ r * defined in ( 13. 5ft . It is then straightforward to check 
the commutativity of the three diagrams. □ 

Lemma 3.30. Suppose D is a scattering diagram satisfying the hypotheses of Definition 
\3.25\ and a scattering diagram in the sense of Definition 1 3. 22\ For Q G Cj-i^, we 
distinguish between 

Liftg(g) G Ra^a^I 

for the lift of q G -B (Z) and 

Lift„(o)(f(g)) e Ra^a^ 

the lift of v(q) . Then 

(1) p i _i ii (Lift Q (g)) = Lift„ (Q) (%)). 

(2) Under the natural identifications (P^ T ) gp = (P^) gp ; /or r G £ \ {0}, P^ C P^ T , 
and for any broken line 7 for q, Mono(7) G k[P^]. 

(3) v induces a bisection between broken lines: If '7 : (— 00, 0] —> Bq is a broken line 
in B , then v o 7 is a broken line in B , and conversely, if ^ : (—00, 0] — > P 

a broken line in B , then v~ x 07 is a broken line in B . 

Proof. (3) implies (1). For (3), clearly it is enough to compare bending and attached 
monomials of broken lines near a ray pi . 

Consider a broken line 7 in Bq passing from ovi^ to 0^+1, and let cz q be the 
monomial attached to the broken line before it crosses over pi, so that q G P tPa . i . Let 
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9 Pi , 6p i be defined by 

9 Pi (z p ) := z PfMp)) 

(£. \ (n,r(p)) 

where (pi,g p% ) G v{T>) is the outgoing ray with support pi. Then we need to show that 

(3-7) p i M6 p Xcz«)) = 8 Pi (p l - 1 , i (cz q )) 

to get the correspondence between broken lines. 
Note that 

Pi-l,i(Xi-l) — Xi-i, Pi,i-i(Xi) = Xi, p i>i+ i(Xi) = Xi, 

but to compute we need to use the relation 

W W = z^x; D * 

in kfP^, ] to write 

X^ = z^X- D *Xr + \. 



On the other hand, one has the relation 

in k[P<^.], so 

Pi , W (Xi-i) = z^-^XT^X^ 

k 

3=1 

Thus 

= Pi,i+i(Xi-if Pi ) 

= x^x^ (IK 1 J yia + %^ ri ) i ^ 

=x t _ 1 ^n(i+^) 

5=1 

= e Pi {Pi-i,i{ x i-i)) 

as desired. Also, 

p i)i+1 {6 Pi {Xi)) = x l = e Pi (Pi-iAX)). 

Thus ( 13. 7p holds. This shows (3). 
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For (2), the statement that P^ C P^ T is obvious. For q G a G E, by definition 
the monomial attached to the first domain of linearity of a broken line for q is z^' 7 ^, 
which is identified under v a with z("(«).?(ff)) G k[Pg>]. For any (0, /„) G i/(3)), /j, G kfpj 
by assumption, and hence all monomials associated to broken lines in B lie in k[P^], 
hence (2). □ 

Definition 3.31. Suppose D is a scattering diagram satisfying the hypotheses of Def- 
inition 13.251 and ^(2)) is a scattering diagram in the sense of Definition 13.221 Let 
mp^ = Pp\P£, and let I C P^he an ideal with vT = mp^. We define for q G B (Z) 
and Q G -Bo, 

LtftQ^) = ^Mono( 7 ) G k[P^]// 

where the sum is over all broken lines 7 for q with endpoint Q in P with respect to 
the scattering diagram v{T>). One sees easily as in Lemma 12.301 that this is a finite 
sum. 

The last reduction comes down to the following theorem, to be proved in the next 
section: 

Theorem 3.32. Assume D satisfies the hypotheses of Definition \3.25\ and is a 

scattering diagram in the sense of Definition ^. 2B, Suppose furthermore that Oy^oa) = 1 
for a loop 7 around the origin. (These hypotheses hold for D = £> can by Proposition 
EM ) Fix an ideal I C P^ with VI = m P - and q G B (Z). IfQ, Q' G M R \Supp(>(£)/) 
are general, and 7 is a path connecting Q and Q' for which 7)I /(x>) 7 defined, then 

Lift Q /(g) = 7>v ( D)j (Liftg(g)) 

as elements ofk[P^]/L 

Proof of Theorem \3.18i. ( 1 ), hence of Theorem Iff.ffl Note that if we want to check 
an equality 

Lift Q /(g) = 6 l 7i x,can(Lift Q (g)) 

for Q, Q' G o~i-ij, by Proposition I3.26| Lemma 13.29} and Lemma 13.30} it is sufficient 
to show that 

Lift„ ( Q/)(i/(g)) = %x,(Lift^ {Q) (z/(g))). 

On the other hand, to check this equality we can compare coefficients of monomials, 
and given any monomial z p appearing on the left- or right-hand sides, we can apply 
Theorem 13.321 with / = va k P _ for sufficiently large k so that p ^ I. The same strategy 
applies if Q, Q' lie on opposite sides of a ray p. □ 
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3.2. The proof of Theorem 13.321 The proof of Theorem 13.321 is just a variation of 
the argument given in |G09j . §4, or rather, a generalization and simplification of this 
argument due to Carl, Pumperla and Siebert [CPSj . (See also |Gllj . §5.4.) 

Suppose £> satisfies the hypotheses of Theorem 13.321 Recall that the sheaf V is 
trivial over B \ {0} so we can extend it trivially over B = Mr. Recall also that all 
monomials attached to broken lines for the scattering diagram T) := in B lie in 

k[Ptp] (Lemma I3.30[ (2)). We then consider families of broken lines in Mr with respect 
to the scattering diagram lb: 

Definition 3.33. A family of broken lines consists of the data: 

• A continuous map V : (— oo, 0] x 3 — > Mr with Jclan interval such that for 
each s G 3, T s : = r|(_ OO)0 ] X {s} is a piecewise integral affine map. Furthermore, 
if L s is a maximal domain of linearity for T s , there exists a closed set L C 
(-oo,0] x 3 such that L n ((-oo, 0] x {s}) = L s and L H ((-oo, 0] x {«'}) is 
non-empty and a maximal domain of linearity for T s i for all s' G 3. 

• For each set L C (— oo, 0] x 3 as above, a monomial mi G k[P^], such that for 
each s' G 3, T s > along with this data is an ordinary broken line. 

We say T s / is a deformation of T s for s, s' G 3. 

The basic idea is that broken lines deform freely as we deform the endpoint, unless, 
as we deform the endpoint, the image of the broken line passes through the origin of 
B = Mr. We then have to show that we can pass through the origin. This may not 
happen in a continuous fashion, but we will show that the total contribution from such 
lines remains unchanged. 

To carry out this analysis, fixing the ideal / with \fl = mp_, let 

Sl = {- r (p)\peP^\I}. 
It is easy to see that this is a finite set. Then set 

it/ := Supp 7 (2)) U |J R> m. 

Suppose that we want to deform a broken line 7 by deforming its endpoint. We 
can do this continuously as follows. If L is the unique unbounded domain of linearity, 
we can translate the unbounded segment j(L) of 7. Inductively, this deforms all the 
remaining segments of 7. As long as the endpoint of 7 is not deformed through a ray 
along which 7 bends or the image of one of the bending points does not reach the 
origin of Mr, each bending point remains inside exactly the same set of rays in £), 
and therefore the deformed broken line can bend in exactly the same way as 7. If 7 
contributes to Liftg(g), then the monomial cz p associated to the last line segment of 
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7 must satisfy p G P<p\ I- Since the image of this last line segment in Mr points in 
the direction —r(p), we see that we can continue to deform 7 freely as long as the 
endpoint Q doesn't pass through a ray of £) at which 7 bends or passes through the 
ray -R> r(p). 

From this it is clear that as long as the endpoint of 7 stays within one connected 
component of Mr 7 can be deformed continuously. More precisely, if we consider 
a path ( : [0, 1] —> u, for u a connected component of M R \ ilj, and 7 is a broken line 
with endpoint C(0), then there is a continuous deformation T with 7 = T and with 

r s (o) = CO), < s < 1. 

From this one sees that Lift g (Q) is independent of the choice of Q provided Q stays 
within u. 

We will now analyze carefully how broken lines change if their endpoint passes be- 
tween different connected components of Mr \ ilj. So now consider two connected 
components Ui and u 2 of Mr \ ilj. Let £ = Ui PI u 2 , and assume dim£ = 1. Let Qi 
and Q2 be general points in Ui and u 2 , near £, positioned on opposite sides of £. Let 
£ : [0, 1] —j- M K be a short general path connecting Qi and Q 2 crossing £ precisely once. 
Let so G (0, 1) be the unique point such that C( s o) G I. We may assume that 7(so) 7^ 0. 

Let 53(<5i) be the set of broken lines with endpoint Qi. Let G iV be the 
primitive vector annihilating the tangent space to £ such that (n , Q 2 ) > 0. We 
can decompose 53 (Qi) into three sets 23 + (Qi), 23~(Qj), and Q3°(Qi) as follows. For 
7 G Q3(Qi), let m 7 G Mr be the projection r(q 7 ), where Mono(7) = c 7 ^ 97 G k[P^]. Then 
7 G < B + (Qi), Q3~(Qi), or 53°(<5i) depending on whether (no,m 7 ) > 0, (no,m 7 ) < 0, or 
(n ,m 7 ) = 0. This gives decompositions 

Llft Ql (g) = Llft^^+Llft^^ + LlftJ^g) 
Llft Q2 (g) = Llft- 2 (g) + Llft° 2 (g) + LlftJ 2 (g) 

We will show 

(3-8) 6^(m Ql (q)) 
(3-9) ^(LlftJ 2 (g))) 
(3.10) Llft° 2 (g) 
From this follows the desired identity 

#C,:o( Lift QiO)) = Liftg 3 (g), 

as is necessarily the identity on Lift^ (q) . One then uses this inductively to see 
that this holds for any path £ with endpoints in Mr \ il/ for which 9^ ^ is defined. 



=LiftQ 2 (<?), 
= Lift°(g). 
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Proof of (I3.8P and (I3.9p . If 7 is a broken line with endpoint Q\ and L the last domain 
of linearity of 7 (i.e., G L), then 7(1,) n £ = if (n ,m 7 ) < 0, while 7(L) D £ ^ 
if (no, m 7 ) > 0. (Here we are using Q\ very close to £.) On the other hand, if 7 has 
endpoint Q 2 , then 7(L) n £ = if (n , m 7 ) > and 7(L) n £ ^ if (n , m 7 ) < 0. 

To see, say, (13. 5J) , we proceed as follows. Let 7 G 23~(Qi). By the previous para- 
graph, 7(L) fl £ = 0. Write (Mono (7)) as a sum of monomials X)i=i as ^ n 
Definition I2.22[ (3). We can then deform 7 continuously along ( to time sq. Indeed, 
7 can only converge to something passing through the origin if C( s o) G — M>o?"(g 7 ) for 
Mono(7) = c 7 z 97 . But this only happens if 7 G Q3°(Qi). 

Let 7' be the deformation of 7 with endpoint C( s o)- For 1 < i < s, we then get 
a broken line 7^ by adding a short line segment to 7' in the direction — r(g-), with 
attached monomial e/jZ 9 *. This new broken line has endpoint in U2, and hence can be 
deformed to a broken line 7" G 23~(Q2)- We note that the line may not actually bend 
at £ if diZ q ' 1 is the term Mono(7) appearing in 6q ^ (Mono (7)). 

Conversely, any broken line 7 G 23~(Q2) clearly arises in this way. 

From this, f 13 . 8 j) becomes clear. (13 .9p is identical. □ 

Proof of (13. 10p . We will show that there are partitions 23°(<5i) = Ui=i ®J an d 
23° (Q2) = Ui=i ®f suc h that for each i, the contributions to Liftg^g) and Liftg 2 (g) 
from 53 J and 23^ are the same. 

Let 71 G 58 (Qi)- If 71 deforms continuously to a broken line 72 in 23°(Q2) without 
ever passing through the origin, then 7! and 72 will each appear in one-element sets in 
the partition, say 71 G 93 J, 72 G 03?, and clearly both these sets contribute the same 
term to LiftQ^g) and Liftg 2 (g). 

We need to partition the remaining elements of 23°(Qi) and 23°(Q2) to show they 
make the same contribution to Liftg(g). 

To do so, recall by assumption that 

(3.11) v ^ = ld 

for rj a loop in Mr around the origin. 

Define a trajectory in Mr to be a pair (t, cz q ) where cz q G k[P<^] is a monomial and 
either 

(1) t = WL> r(q), in which case we say (t, cz q ) is an incoming trajectory, or 

(2) t = — M>or(g), in which case we say (t, cz q ) is an outgoing trajectory. 

As usual, t is called the support of (t, cz q ). 

Claim 3.34. Given an incoming trajectory t = (lR>o?"(go)> c o^ 90 )? there is a set of 
outgoing trajectories {U} with U = (— IR>or(gj), CiZ Qi ) with the following property. For 
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each ii (including % — 0) let Xi be a point in a connected component of Mr \ Supp 7 (3)) 
whose closure contains the support of U. Let Q be a path from Xi to xq not passing 
through 0; by ( 13. lip . 8{ := 0^® is independent of this choice of path. Then 

(3.12) c z qo = J2 d ii c i z9i ) mod/ - 

i 

Furthermore, the set of trajectories is unique in the sense that given a ray'R> m C Mr, 
the sum CiZ mi over alii ^ with the support ofU being R>om is uniquely determined 
by (to,co^°). 

Proof. First note that ( 13 . 1 2[) does not depend on the precise choice of Xi or x : if U 
(including the case % — 0) is contained in a ray of D, then CiZ qi is invariant under the 
corresponding automorphism. 

We now construct the set {U} by induction. At the kth step, we will find a set of 
outgoing trajectories for which (I3.12p holds modulo the ideal mp-. For k — 1, we take 

^{(-R^orteoW 90 )}, 

which works since Qi = Id mod mp^. 

Assume now we have constructed Xfc = {lj | i G /}. Then by the induction hypothesis 

c 2 9() - e i(ciZ qi ) = c ^ qj mod 

i 

with gj G m.p_. Then take 

T fc+1 = % k U {(-R> r(^), Cj ^)}; 

(I3TT2]) now holds modulo rrip +1 . 

Since m P _ C / for large k, this process terminates. It is also clear that at each step 
there are no choices to be made, hence the uniqueness. □ 

The point of this set of outgoing trajectories is that it tells us precisely what terms 
broken lines can produce. Recall we are trying to understand Liftg(g). To do this, 
pick a general point x G M K contained in a connected component of M K \ Supp / (£i) 
whose closure contains 1R>o5'. Consider a slight modification of the notion of broken line 
which are maps 7 : R — > Mr which are piecewise integral affine together with attached 
monomials c^z qL as usual, and with 7(0) = x, otherwise satisfying the conditions of 
Definition 12.221 except for the requirement that 7(0) = Q. The only difference is that 
these broken lines have no endpoints and are constrained to pass through x at time 
instead. 

Let 53 be the set of such modified broken lines 7 such that the monomial associated 
with the first segment is G k[P^], and 7|(_ 00j o] is linear. For 7^ G ( B, let CiZ qi be 
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the monomial attached to the last line segment of 7$, and let d be a path from a point 
Xi = 7i(t) for t ^> to x. Let 6i = 9^ ^. 

Claim 3.35. Ei#i( c i^) = 

Proof. Note that if 2) just consisted of one line, then the broken lines in 03 would either 
not bend or bend at one point, the intersection of x — M>o<? with the unique element 
of 2). It then follows immediately from condition (3) of Definition 12.221 that the claim 
is true in this case. 

Using this, the general case then follows easily if we take, for the path Q, the segment 
of 7j running from backwards to x. □ 

As a consequence, by the uniqueness statement of Claim [37341 if we fix an outgoing 
direction -R>om, the sum CiZ qi where i runs over all indices such that —r(qi) G 
-f>om is well-defined, irrespective of the choice of the point x. 

We can now complete the proof in this case. Take the set Q3 1 C 53° (Qi) to be the 
subset of all broken lines in Q3°(Qi) which do not deform continuously to broken lines 
with endpoint Q2 (because they degenerate to broken lines passing through the origin). 
We define 03 2 similarly to be the set of all broken lines in 03° (Q2) which do not deform 
continuously to broken lines with endpoint Q\. We will be done once we show these 
sets yield the same contribution to Lift(g). 

Recalling that we are deforming the endpoints of the broken lines in 53° (Qi) and 
53° (Q2) along a path £, we define for s 7^ sq the set Q3 S of broken lines with endpoint 
which again fail to deform through time s , so that each broken line in 53 s for 
s < s is a deformation of a unique broken line in 53 1 and each broken line in 03 s for 
s > sq is a deformation of a unique broken line in 23 2 . 

Let xo G M>or(g). Locally near xo, M>or(g) splits Mr into two connected compo- 
nents, and broken lines in 53 s for s < Sq are locally contained in one of these connected 
components, and broken lines in Q3 S for s > s are locally contained in the other. Fix 
points x, x' on either side of M>or(g) near xq, chosen so that some element of 53 s for 
some s < sq passes through, say, x. For each broken line 7 G ?8 , one can find at 
least one s < Sq such that 7 can be deformed to a 7*, G 23 s which passes through x. 
Similarly, for each broken line 7 G 23 2 , one can find at least one s > Sq such that 7 
can be deformed to a 7 S G 23 s which passes through x'. For each 7 G 53 1 , we make a 
choice of one of these 7 s 's passing through x, and let 53 x be the set of these choices. 
We define Q3 X / similarly, so that Q3 X is in one-to-one correspondence with 23 1 and *B X > 
is in one-to-one correspondence with Q3 2 . In particular, if c^z q ^ denotes the monomial 
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attached to the last segment of a broken line 7, we just need to show that 



'7 



Z' 



•7 



z' 



76® 



7^/ 



But this follows from Claim 13.351 and the uniqueness statement of Claim 13.341 

3.3. The proof of Proposition 13.26b The connection with |CPS09j . Here we 
derive Proposition 13.261 from the main result of |CPS09j . We will need to review one 
form of this result, which gives an enumerative interpretation for the output of the 
Kontsevich-Soibelman lemma. 

Fix M = 1? as usual. Suppose we are given positive integers £1, . . . ,£ n and primitive 
vectors m 1 ,...,m n G M. Let £ = ELi^ and Q = M @ N e , with r : Q ->■ M the 
projection. Denote the variables in k[Q] corresponding to the generators of N e as ty, 
for 1 < % < n and 1 < j < £%. Consider the scattering diagram for the data r : Q — > M 
(in the sense of Definition I3.22p 



We wish to interpret (0, / ) G Scatter(S)) \ 2). Choose a complete fan S in Mr which 
contains the rays M> mi, . . . , M.> m n as well as the ray d (which may coincide with one 
of the other rays). Let X be the corresponding toric surface, and let _D 1; . . . , D m D out 
be the divisors corresponding to the above rays. Choose general points Xa, . . . , Xtf. G 
Di, and let 



be the blow-up of all the points {x^}. Let D\, . . . , D n , D out be the proper transforms 
of the divisors D\, . . . , D n , D out and the exceptional curve over x^. 

Now introduce the additional data of P = (Pi, . . . , P n ), where Pj denotes a sequence 
Pa, . . . ,Pii % of £i non- negative numbers. We will use the notation Pj = pa + • — I- Pu { 
and call Pj an ordered partition. Define 



© = {(M> mi, JJ(1 + UjZ m )) \l<i<n}. 



v : X t X v 



We shall restrict attention to those P such that 



n 



(3.13) 




i=l 



where m G M is a primitive generator of and kp is a positive integer. 
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Given this data, consider the class /3 G i^P^o,^) specified by the requirement 
that, if D is a toric divisor of Xj, with D ^ {-Di, • ■ • ,-D n ,-Dout}, then D ■ /3 — 0; if 
D 0Ut ^{D 1 ,...,D n }, 

A-/3 = |Pi|, D out -[3 = k F ; 
while if D out = Dj for some j, then 

[|Pt| i±h 
Di-P = { 

[\Pi\ + k F i = j. 

That such a class exists follows easily from (13.131) and the first part of Lemma 13.371 
below. It is also unique. We can then define 

p k 

(3 F = u*((3) ]T>>, ; . A;, G H 2 (X d ,Z). 
i=i j=i 

We define N F := Np p as in Definition 13.11 using (Y, D) = (Xx,,D), where D is the 
proper transform of the toric boundary of X a , and using C = D ont . Then one of the 
main theorems of [GPS09j states 

Theorem 3.36. 

(3.14) log/, = Y,k F N F t p z~ k r m \ 

p 

where the sum is over all P satisfying (13.131) and t F denotes the monomial f}. tF^ 3 . 

We can adapt this theorem for our purposes as follows. Fix a fan E in Mr defining 
a complete non-singular toric surface Y, with D = D\ + • • • + D„ the toric boundary. 
Choose points xn, . . . , xa i G Di, and define a new surface F as the blow-up v : Y — > Y 
at the points {x,ij}. Let Eij be the exceptional curve over x^. 

Let P = NE(F); because F is toric, this is a finitely generated monoid with P x = 
{0}. Let (p : M K — >• P| p be the S-piecewise linear strictly P-convex function given by 
Lemma 11.141 

We will need the following lemma: 

Lemma 3.37. Let be the free abelian group generated by the rays of S, with gen- 
erator t p corresponding to a ray p G S. Let 

s : T E -» M 

be the map defined by s(t p ) = m p , for m p a primitive generator of p. Then 

H 2 (Y,Z) ^kers. 
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Furthermore, if^2 p a p tp € kers, then the corresponding element of H 2 (Y,7j) is 



p 

Proof. The isomorphism is standard, given by 

p 

To see the second statement, first note that the claim is not affected by adding a linear 
function to <p, since J2 P a p m p = by assumption. Letting p = J2 P a p i P(, rn p)y we need 
to show that p ■ D p = a p for each p. 

Label the rays of £ cyclically as pi, ■ ■ ■ , p n , with a iti+ i containing Pi,Pi + i as usual. 
We can modify <p by adding a linear function so that (p\ anl — 0. Once we've done this, 
then with m.j the primitive generator of pi and G N primitive, annihilating rrii, with 
(rii,mi + i) > 0, we have 

i 

= ^n k ®p Pk ^. 

k=l 

Note that (n kl mi} = -(n^mfc) and p Pk ^ = [D k ], so 

i i—1 

(p{mi) = - ^2(ni,m k )[D k ] = - 2^(n,, m k )[D k ]. 

k=l k=l 

Thus on the surface Y \ \Jl =i+1 D k , <*p{mi) is in fact the divisor of zeroes and poles 
of z~ n \ so D k ■ <p(mi) = for 2 < k < i — 1. Also, clearly D k ■ <p(rrii) = for 
i + l<k<n — 1. Next, note that if i < n, (recalling that Y is non-singular) 

Di ■ <p{rrii) = -(ni, mi-i) = 1 

and 

(rii,mi) - 5i in (rij,m n _i) 

i = 1 

— {rii, m^Dj - (rij, m 2 ) 2 < % < n 



D n ■ (p(mi) = 
Di ■ <p(rrii) = 

Thus we see that for i ^ 1, n, 
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as desired, and 

n 

D n ■ V = ~ ^2(a Pi ni, mi) + a Pn = a Pn , 

i=l 

n n 

Di-p = - 22{a Pi rii, mi)D\ - ^(a Pi ni, m 2 ) 

i=l i=2 

= a pi (ni,m 2 ) = a Pl 

since J2a Pi rii = 0. □ 

Let E C H 2 (Y, Z) be the lattice spanned by the classes of the exceptional curves of 
u, so that H 2 {Y, Z) = u*H 2 (Y, Z) © E. We then obtain a map 

<p = u* o <p : M R -»■ z/*P SP © /;. 

Let 

Q = {(m,p) G M © fr 2 (y; Z) | 3p' G u*P © £ such that p = p' + <p(m)}. 

There is an obvious projection r : Q — > M, and by strict convexity of (p, Q x = E. 
We consider the scattering diagram, £) , over k[Q] given by 

ii 

So = {(M>omi, + ^^)-^))) | i < i < n }. 

Then we have 

Theorem 3.38. Lei (0, / ) G Scatter(Si ) \ ID j assuming that there is at most one 
ray of Scatter (S ) \ m eac ^ possible outgoing direction. (Note by definition of 
Scatter (So), (3,/o) cannot be incoming.) Then, following the notation of Definition 
\3j\and\M, 

(3.15) log / a = ^ kpNpz^- k P m9 ' n ^ ) - v ^ m ' )) . 

Here ir : Y -± Y is the toric blow-up ofY determined by 9 and C GY is the component 
of the boundary determined by d. Ifd is not one of the rays IR>o?rij ; then we sum over 
all A 1 -classes ft G H 2 (Y,7*) satisfying ( 13. ip . and if ft = IR>omj we s^m over all such 
classes except for classes given by multiple covers of one of the exceptional divisors 
Eij. 

Proof. Let Q' be the sub monoid of M©N generated by elements of the form (rrii, dij), 
where is the (z, j)-th generator of N . Note that Q' itself is freely generated by these 
elements. Thus we can define a map 

a:Q' 
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by (rrii,dij) i— > (mi,tp(mi) — Eij). The scattering diagram 

D' := {(i> m„ + z(™*>«*«))) \l<i<n] 
j'=i 

then has image under the map a (applying a to each / ) the scattering diagram 
T> . Thus if we apply a to each element of Scatter(2D'), we must get Scatter(3 ), 
as 6 l 7,scattcr(D') being the identity on k[Q'] implies that 7iQi (Scatter(!D')) is the identity on 
k\Q]. 

To obtain the result, we now note that the set of possible A 1 classes in Y occurring 
in the expression ( 13 . 1 5 j) are precisely the classes {/3p} where P runs over all partitions 
satisfying (I3.13p . Now applying a to a term appearing in (I3.14p of the form 

k F N P t p z- k * m * = kp p Np p (J!*?) ^ ELl|Pl|m % 

we get 

k/3 P Np p z ^ ~ fcp m ° ' ^= 1 ' p i ' v ' rrii •* ~ ^ 1 J Pij EljS> . 

But by Lemma [3.371 and (13.131) . 

v 

^ \Pi\ip(mi) - ^pijEij = 7T*(/3 P ) - ^(kpmj)), 

i=l i,j 

hence the result. □ 

A direct comparison of the formula of the above theorem and the formula in the 
definition of the canonical scattering diagram then yields Proposition 13.261 

3.4. Smoothness: Around the Gross— Siebert locus. Next we prove that our 
deformation of Y n is indeed a smoothing. As explained in §0.6.21 we do this by working 
over the Gross-Siebert locus (Definition 13.141) . Here our deformation (when restricted 
to one-parameter subgroups associated to p*A, A an ample divisor on Y) agrees with 
the construction of [GS07] . This is important here because the deformations of [GS07j 
come with explicit charts that cover all of V n , from which it is clear that they give 
a smoothing. So conceptually, the smoothing claim is clear. Because we work with 
formal families the actual argument is a bit more delicate. First we make rigorous the 
notion of a smooth generic fibre for a formal family: 

Definition-Lemma 3.39. Let / : Z — > W be a flat finite type morphism of schemes or 
a flat morphism of complex analytic spaces, of relative dimension d. Then Sing(/) C Z 
is the closed embedding defined by the d th Fitting ideal of &%/ W - Sing(/) is empty if 
and only if / is smooth. Formation of Sing(/) commutes with all base extensions of 
W. 
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Proof. For the definition of the Fitting ideal, see e.g., |E95] . 20.4. The fact that it 
commutes with base-change follows from the fact that £l l z i w commutes with base- 
change and |E95j . Cor. 20.5. That Sing(/) is empty if and only if / is smooth follows 
from [E95] . Prop. 20.6 and the definition of smoothness. □ 

Now for a formal family, smoothness of the generic fibre is measured by the fact that 
Sing(/) does not surject scheme-theoretically onto the base. More precisely, let S be 
a normal variety or complex analytic space, V C S a connected closed subset, and & 
the formal completion of S along V. Let f : X — >■ & be an adic flat morphism of formal 
schemes or formal complex analytic spaces, and 3 C X the scheme theoretic singular 
locus of f. Then we say the generic fiber of f is smooth if the map Oq —> f*C?3 is not 
injective. See Theorem 14.121 

We now continue with our usual setting of a surface (Y,D), and assume we have a 
toric model p : (Y, D) — >■ (Y, D), the blowup at distinct points along the boundary, and 
an inclusion 7] : NE(V) — > P satisfying Assumptions 13. 13| and let J be a monomial ideal 
with radical G. Let D be a scattering diagram for this data such that £> satisfies the 
hypotheses of Definition 13.251 is a scattering diagram in the sense of Definition 

I3.22[ and = 1 for a loop 7 around the origin. Thus by Theorem I3.32[ D is 

consistent. These hypotheses apply in particular when D = £> can . 

Let T be the Gross-Siebert locus: using the notation of Remark 13.191 we have 
T = Speck[P + E]/mp + E- Consistency of D gives a flat family 

h : X T -)• Speck[P]/J, 

which restricts to a family 

/j : Xj-> Speck [P + £]//, 

where I = I + E. 

On the other hand, letting S be the fan for Y in B = Mr, we have the piecewise 
linear function (p : B — > P^ p with pp^ = p*[Dp], as before. This now determines the 
Mumford family 

f T : Speck [P + E]/I. 

Our goal is to compare these two families. The restriction of either family to T is 
the trivial family V n x T — > T. Thus either family contains a canonical copy of T, i.e., 
{0} x T, where is the vertex of Y n . 

In what follows, to simplify notation, replace P by P + E, G by rap + g = G + E and 
I by I = I + E. 
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Proposition 3.40. Fix an ideal I with \/l = G. There are open affine sets Uj C X I; 
Uj C Xj, both sets containing the canonical copy ofT, and an isomorphism 

M-.Ui-t Ui 

of families over Speck[P]/P 

Moreover, there is a non-zero monomial y G k[P] whose pullback to Xj is in the 
stalk at any point x G T C V„ x T of the ideal of Sing^ for all I. 

Proof. The generic fibre of the Mumford family over Speck[P] is smooth: indeed the 
family is trivial over the open torus orbit of Speck[P], with fibre an algebraic torus. It 
follows that there is a non-zero monomial y G k[P] in the ideal of Singj for the global 
Mumford family 

/ : Speck[P^] Speck[P]. 

Of course its restriction then lies in the stalk at any point x of the ideal sheaf of Singj 7 
for all I . Thus once we establish the claimed isomorphisms, the final statement follows. 

Recall from §3.11 the construction of 2) := z^(2)) and the scheme X°^ from 2). By 
Lemma 13.291 Xf % = X° ^ , so we in fact have an isomorphism 

X / = Specr(X^,(9 J? o s )=:X^. 

So we can work with Xj^ instead of Xj. On the other hand, the Mumford family 
Xj over Speck[P]/J can be described similarly. Using the empty scattering diagram 
instead of the scattering diagram 2), one has by Lemma [2.101 

x 7 = s P ecr(x° ,(^ 70 ). 

Now define an ideal I C Pq, as follows. For a G S ma x, let (p a denote the linear 
extension of (p\ a . We set 

I := {(m,p) G P(p | p — <f a (m) G / for some a G S max }. 

Note that a/To = trip-. By assumption, 2) is a scattering diagram for P^, and hence 
there are only a finite number of (£>, / ) G 2? for which f d ^ 1 mod J . Furthermore, 
modulo Io, each / is a polynomial. 

Let T>i be the scattering diagram obtained from 2) by, for each outgoing ray (0, ft,), 
truncating each / a by throwing out all terms which lie in 7 • The incoming rays remain 
unchanged. Thus 2)/ can be viewed as a finite scattering diagram. Let 

h = J] /*■ 

This is an element of k[P^]. Note that necessarily h = 1 mod rrip-. Thus h ^ 
defines an open subset U C SpeckfP^j/GkfP^] = Xq = Xq = V„xT which contains 
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the canonical copy of T. Since Xj and Xj both have underlying topological space 
Xqi this defines open sets Ui of Xj and Uj of Xj. We shall show these two sets are 
isomorphic. 

Recall for Ti,t 2 G £ with {0} ^ T\ C T2, we obtain from the ideal J the ring 
Rn,T2,i = M-^W ]/Iti,-p2- Since h G k[P^] C k[P^ r J, h defines an element of R T1)T2 j. Let 

Si\,-pz,I '■= (-Rti,t 2 ,/)/i- 

Given a path 7 in Mr \ {0}, note that by construction of h, 9 1 ® I makes sense as an 
automorphism of the localization k[P^]/i, since to define the automorphism associated 
with crossing a ray we only need / to be invertible. However since by con- 

struction h is divisible by / 5 , / is invertible. In particular, 1 ^ ll also makes sense as 
an automorphism of S TltT2 j for any L 

Choose an orientation on Mr, labelling the rays pi, . . . , p n of £ in a counterclock- 
wise order, with ovi^ as usual the maximal cone containing pi_i and pi. For two 
distinct points p, q on the unit circle in Mr not contained in Supp(2)/), let 7 Pi9 be a 
counterclockwise path from p to q, and write 6 p>q for 9 lp % )i acting on any of the rings 

For each pi, let p ii+ be a point on this unit circle contained in the connected compo- 
nent of cr^j+i \ Supp(£)/) adjacent to p^, and pj_ a point in this unit circle contained 
in the connected component of ovi^ \ Supp(J)/) adjacent to p,;. 

Both Xjq and X°^ are constructed by first constructing open sets U Pi j, U Pi j, where 
both of these are given as spectra of fibred products 

Rpi,ai^ lti ,I X (R Pi , Pi j)f p . Rpi,a iti+1 ,I- 

In the Mumford case, the maps are just the canonical surjections, while in the case 
X° we can take R p ^ ai _ x ^i —> (R PuPi j) / to be the composition of the canonical 
map surjection followed by 9 Pi _ tPi + . Note that this automorphism is defined using the 
truncated scattering diagram £)/ rather than 3). However, in fact this is the same 
automorphism. Indeed, given an outgoing ray G 2), any monomial z p which 

appears in / satisfies —r(p) G r a . One then applies the following claim to observe that 
modulo -T-r^TB) the function / and the truncated version coincide. 

Claim 3.41. Let r G £, and suppose (m,p) G P$ satisfies —m G r. Then (m,p) G io 
if and only if (m,p) G J TiT . 

Proof of claim. Clearly I T T fl P^ C Iq, so one implication is clear. Conversely, suppose 
that (m,p) G Io, so that p — Tp a {ra) G / for some a G £ max - If r C o 7 G ^ max , let 
Pi, . . . , p n be the sequence of rays traversed in passing from a to a', chosen so that all 
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pi, . . . , p n lie in a half-plane bounded by the line Mm. Then 

n 

i=i 

Note that since — m G r, we must have (n Pi ,m) < for each i, and hence p — Tp a ,{m) = 
p — Tp a {m) + p' for some p' G P. Hence {m,p) G I T)T . □ 

After localizing all these rings at h, we obtain open subsets Utj and Up. j of U Pi j 
and U Pi j respectively as the spectra of the fibred products 

Choose a base-point q on the unit circle not in Supp(X)/). We can easily write down 
an isomorphism between these two fibred products via the diagram 




Here unlabelled arrows are the canonical surjections, while decorated arrows are the 
canonical maps composed with the given automorphism. Since the diagram is clearly 
commutative, it induces an isomorphism between the respective fibred products, and 
hence an isomorphism Up. j — > Up j. 

Next recall in the construction of Xj^, the open sets U Pi j and U Pi+1 j are glued 
together trivially along the common open set Spec R ai , while in the con- 

struction of U Pij i and U Pi+1) i are glued together along the common open set 

Spec R ai i+uCTi i+u i using 9 Pi+jPi+1 _. On the other hand, we have an obviously commu- 
tative diagram 




Pi + lyVi.i + lJ ^ Pi+liCi.i + li-f 

This shows that the isomorphisms between Up. j and Up. 7 are compatible with the 
gluings, hence giving an isomorphism between Uj\T and Uj \ T. 
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Now V n satisfies Serre's condition 5*2. Since Xj and Xj are flat deformations of 
Y n x T, by Lemma 12.111 the above isomorphism extends across the codimension two 
set T, giving the desired isomorphism between Uj and Uj. □ 

3.5. The relative torus. The flat deformations Xi^w — > Speck[P]/J produced by 
the canonical scattering diagram have a useful special property: there is a natural 
torus action on the total space Xi^am compatible with a torus action on the base. The 
meaning of this action will be clarified in Part II, where we will prove that our family 
extends naturally, in the positive case, to a universal family of Looijenga pairs (Z, D) 
together with a choice of isomorphism D D*, where D* is a fixed n-cycle. The torus 
action then corresponds to changing the choice of isomorphism. 

Fixing the pair (Y, D) as usual, D — D\ ^ — ■ + D n , let A D = A n be the affine space 
with one coordinate for each component Pj. Let T D be the diagonal torus acting on 
A D , i.e., the torus T D whose character group 

X(T D ) = IP 

is the free module with basis eo 1 , ■ ■ ■ , eo n - 

Definition 3.42. We have a canonical map w : Ai(Y) — > x{T D ) given by 

Suppose P C A±(Y) is a toric submonoid containing NE(F). We then get an action 
of T D on Speck[P], as well as on Speck[P]/J for any monomial ideal /, and hence also 
on Spf(k[P]) for any completion of k[P] with respect to a monomial ideal. 

We can also define a unique piecewise linear map 

w : B -> x(T D ) ®z R 
with w(0) = and w(rrii) — e^, for rrii the primitive generator of the ray p». 

Theorem 3.43. Let J C P be a radical ideal and I an ideal with \fl = J for 
which Xipean Speck[P]/J is defined. Then T D acts equivariantly on Xj^can — y 
Speck[P]/P Furthermore, each theta function {} q , q G B(I), is an eigenfunction of 
this action, with character w(q) . 

Proof. It's enough to check this on the open subset Xj^n C X/^can. We have a cover 
of X° ^)can by open sets the hypersurfaces 

Ui,i C A 2 Xi _ itXi+i x (G m ) Xi x Speck[P]// 

given by the equation 
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where f Pi is the function attached to the ray p\ in £) can . If we act on Xj with weight 
w(rrij) and z p with weight w(p) (for p G P), then we note that for every (U, / ) G :X) can , 
every monomial in / a has weight zero by the explicit description of / in Definition 
13.31 In particular, the equation defining U it i is clearly T D equivariant, and each of the 
monomials is an eigenf unction. 

Now X°3, can is obtained by gluing *7 WlffM+1 ,i C with U Pi+lt<Ji . +1 C U i+1J , using 
scattering automorphisms of in 3D can ; and these open sets are naturally identified with 
(G m )^. ^ 1 x Spec k[P]/I. The scattering automorphisms commute with the T D action, 
by the fact that the scattering functions have weight zero. Thus T D acts equivariantly 
on X/^can — y Speck[P]/P 

Now we check our canonical global function d q is an eigenf unction, with character 
w(q). By construction, given a broken line 7, the weights of monomials attached to 
adjacent domains of linearity are the same, since the functions in the scattering diagram 
are of weight zero. Thus the weight of Mono(7) only depends on q. This weight can be 
determined by fixing the base point Q in a cone a which contains q, in which case the 
broken line for q which doesn't bend and is wholly contained in a yields the monomial 
z <p<r{q) ; which has weight w(q). Thus § q is an eigenfunction with weight w(q). □ 

4. Looijenga's conjecture 

In this section we apply our main theorem to give a proof of Looijenga's conjecture 
on smoothability of cusp singularities, Corollary 10.51 The simple conceptual idea is 
explained at the end of §0.6.21 Here we give the details. These are slightly involved. 
Indeed, the most natural construction of a cusp, the quotient construction of Example 
\1.9\ is analytic, and we will have to deal with convergence issues to show that our 
construction extends to this analytic situation. 

Let (Y, D) be a rational surface with anti-canonical cycle. Let op C A\(Y, M.) be 
a rational polyhedral cone containing NE(Y), P = op D Ai(Y,7*) the associated toric 
monoid, J C P a radical monomial ideal, and / a monomial ideal such that a/7 = J. 
We write S = Speck[P] and S 7 = Speck[P]/J. In gUand S3 below we use the field 
k = C. 

4.1. Cusp family. Suppose that the intersection matrix (P^ • Pj)i<i,j<n is negative 
definite. Let /: Y — > Y' be the contraction (in the analytic category) of D C Y to 
a cusp singularity q G Y' . We assume that / is the minimal resolution of Y', that is, 
Df < —2 for all %. We further assume that n > 3. Let L be a nef divisor on Y such 
that 

NE(F) R>o nL- L = (P 1 ,...,P n ) R>0 . 
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Here the subscript IR>o denotes the real cone in /^(Y, R) generated by the given el- 
ements or set. (If Y' is projective we can take L = h*A for A an ample divisor on 
Y' . In general, let A be an ample divisor on Y . There exist unique a, £ Q such 
that L := A + ^2 a iDi is orthogonal to -D, for each j. By negative definiteness of 
(Di, . . . , -D n ), we have a, > for each i. It follows that L is nef.) Assume that o~p is 
strictly convex and o> D L- 1 is a face of o>. Let m = P \ {0} and J = P\PnL ± cP, 
the radical monomial ideal associated to the face Op D L -1 of 0>. 

Theorem 4.1. There exists an analytic open neighbourhood S'j of £ Sj and an 
analytic flat family fj : Xj — >■ S'j together with a section s : S'j — > Xj satisfying the 
following properties: 

(1) Tne general fibre Xj t of fj is a Stein analytic surface with a unique singularity 
s(t) £ Xjj isomorphic to the dual cusp to q £ Y' . 

(2) Fzx R > 1. For each ray p £ S i/iere is an open analytic subset V Pj j C Xj and 
open analytic embeddings 

V PtJ C £ U p>J I |X_| < R\X\, \X + \ < R\X\} C U Pi j 

where 

U P:J := \/(X_X + - z^X~ D2 P ) C A|_ )X+ x {G m ) x x S'j 
snc/i taat 

(a) Xy.= X J \s(S' J ) = [j p£S V p , J 

(b) ("1^/^ = unless p = p' or p and p' are the edges of a maximal cone 
a £ E. 

(3) Tne restriction of Xj/Sj to Sj +m N+i is identified with an analytic neighbour- 
hood of the vertex in the restriction of the family X m N+i /S m N+i given by Theo- 
rem lKM (1) with D = D can , for each N > 0. 

Proof. (1) We use the notation of Example 11.91 so that we have an infinite fan E in 
Mr with the primitive generators of the rays being the Vi for i £ Z. We also have 
T £ SL(M) acting on the fan S. We have B = |S|/r, where T is the group generated 
byT. 

Now let H C Mr be the convex hull of the points Vi £ M. Thus 5 is an infinite 
convex polytope. Let £' be the subdivision of E induced by E. We can build a Mumford 
degeneration Z/Sj with special fibre Z the stable toric variety associated to E' (that 
is, Zq is the union of the toric surfaces associated to the maximal polytopes in £'), as 
follows. 

Sj is the affine toric variety associated to the face o~bd y := 0p n L L of o>, and 
-Pbdy : = Obdy H H 2 (Y,Z) contains the classes of the components of the boundary of Y. 
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We define a piecewise linear convex function tp: — > P bdy by 

where cx + , cr_ are two polytopes with common edge p, <p a± are as usual the affine linear 
extensions of <p\ a± , and n p G M* is the primitive element annihilating p and positive 
on cr + . Finally, p p = [Di mo dn] G P if p = v , + IR> ■ Vi. This determines tp modulo an 
integral affine function. 

Then tp determines a Mumford degeneration: this is a slight generalization of §1.21 
One defines 

H := {(m, r) | m G H, r G p(m) + a bdy } C M M © (P b g P y ® z R). 

Let C(S) be the closure of 

{(sm, sr, s) | (m, r) G H, s > 0} C M K © (P^ y ® % R) © R. 

Then C[C(S) D (M © P^ © Z)] has a natural grading given by the last coordinate, 
and the degree zero part of this ring is easily seen to contain C[Pbd y ]- Thus we obtain 
the Mumford family determined by tp as 

Z := Proj C[C(S) n (M © P b s d p y © Z)] SpecC[P bdy ] = 5, 7 . 

One sees easily that the fibre over G Sj of Z — ^ has infinitely many components 
indexed by the 2-cells of the subdivision £' of H, each of which is a copy of the blowup 
of A 2 at the origin. The general fibre is a toric surface (only locally of finite type) 
containing an infinite chain of smooth rational curves, which specializes to the union 
of the exceptional curves of the blowups in Z . By construction T acts on Z over 
Sj (because tp is T-invariant modulo integral affine functions). Let E C Z/Sj be 
the family of curves described above (the relative toric boundary). The group T acts 
properly discontinuously on a tubular neighbourhood N of E C Z (cf. |AMRT75] . 
p. 48). Let p: (P C X) ->■ Sj denote the quotient of (E C N) -> 5j by T. 

The divisor P C X is Cartier and the dual of its normal bundle is relatively ample 
over a neighbourhood of G Sj. Indeed, the special fibre Xq is a union of n irreducible 
components each isomorphic to a tubular neighbourhood of the exceptional locus in 
the blowup of A 2 , and F Q C X is the cycle of n smooth rational curves formed by the 
exceptional curves of the blowups. Hence the normal bundle of F in X Q has degree — 1 
on each component of F . Moreover, we have R l p^{N"^i^)® k = for each k > 0. In- 
deed, by cohomology and base change it suffices to show that P 1 ((AQ^ /£ )® fc ) — 0, and 
this follows from Serre duality. Now by a relative version of Grauert's contractibility 
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criterion [F75] . Thm. 2, taking global sections of the structure sheaf defines a contrac- 
tion p: X — > Xj/Sj to a family of Stein analytic spaces with exceptional locus F. The 
general fibre Xj^ of Xj/Sj is the dual cusp by Lemma l4~2l below. 

We now show that Xj/Sj is flat and the special fibre is the neighbourhood of the 
n- vertex obtained by contracting F C X . The key point is that R}p*(D x is a locally 
free C^-module, cf. |W76j . Theorem 1.4(b). Indeed, we have 

R}p*O x {-F) = 

by cohomology and base change, the theorem on formal functions, and the vanishing 
H 1 ((Af^^ o )® k ) = for k > used above. So, pushing forward the exact sequence 

O x {-F) ^O x -^O F ^0 

we obtain 

R x V*O x = R l p*0 F ~ Sj . 

Recall that Sj is a toric variety, so in particular Cohen-Macaulay. Let ti,...,t r be a 
regular sequence at G Sj of length dim Sj and write 

X* = and let Xj/Sj be the family over 5} defined by X i = p*O xi . Arguing 

as above we find that R 1 p*O xi ~ ®sy Pushing forward the exact sequence 

O x ^O x ^O x%+1 -^0 

we deduce that the natural map 

(4.1) O xi Jt i+1 O xij O xr 

is an isomorphism. Hence by the local criterion of flatness |Ma89j . Ex. 22.3, p. 178, 
it suffices to show that Xj/Sj is flat with special fibre the n- vertex. But Sj is the 
spectrum of an Artinian C-algebra, so this follows from |W76j . Theorem 1.4(b). 

(2) Write Z° = Z \ E, and m 4 = — Df modn , ai = z^- Dtinodn ^ for i G Z. We have an 
open covering 

Z° = |J Ui,j, 

where 

U hJ = V{x^ x x i+l - diX?*) c A£ 4 _ ljXl+1 x (G m ) Xi x Sj. 
Similarly, we have an open covering 

z = \Ju itJ , 

iez 
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where 

Ui,j = V(xl lX ' l+1 - a lX r~ 2 ) C £l U , xu<+l x Sj, 

f n Ui,j = v(x t ) c u itJ , 

and Uij \ F — U it j via £j„i = x i+ i = Xix' i+1 . (Note that = — > 2 by 

assumption.) 

Recall that the infinite cyclic group T acts on Z/Sj, there is a T-invariant tubular 
neighbourhood iV C Z of C Z on which the action is properly discontinuous, and 
F C X is obtained as the quotient of E C N by I\ In terms of the open covering above 
the action is given by U^j —> U i+rh j, Xj i-» Xj +n . Note that the map U^jdN — > X is noi 
an open embedding (because, for example, t/^j contains the general fibre of Z°/Sj). 
Fix R > 1. We define Wi C f/^j n iV by 

W = {(xi_i,Xi,x i+ i) G n iV I |xt_i| < R\xi\, \x i+ x\ < R\xi\} 
and similarly define W\ C U^j H iV by 

W % = {(a/ i _ 1 ,x i ,x^ 1 ) G n iV | IxUl < i?, l^+il < R}- 
Then W l \E = W P 

The W i cover the special fibre E of -E/Sj (using i? > 1). The open set [j Wi C N 
is T-invariant, the quotient (N, E) — > (X, F) by T is a covering map, and p: X — > Xj 
is proper with exceptional locus F. Hence we may assume (passing to an analytic 
neighbourhood of G Sj and s(0) G Xj) that X = [j Wi. 

By Lemma [4.41 below there exists 5 > such that 

H {(xi_ u Xi,x i+1 ) | |z<| < 5} C < 1 Vj} 

for each i. We replace Wi by Wi D{\xi\ < 5}, and modify Wi similarly. Then as above 
we may assume that N — [j Wi, and N C {\xi\ < 1 Wi}. We claim that Wi nWj = 
for all j > z + 1. It suffices to work on the general fibre of Z° / Sj, which is an algebraic 
torus. The coordinate functions Xi are characters of this torus (up to a multiplicative 
constant). By construction we have < 1 for each % on N. Hence, shrinking the 
base Sj, we may assume that |ajX™ I_2 | < 1/R 2 for each i. The relation 

gives the inequality 

\x i+ x/xi\ < {l/R^Xi/xi^. 
Combining such inequalities we obtain 

(4.2) \xj+i/xj\ < (l/R 2 ) j - l \x i+1 /xi\ for j > i. 
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Now \xi+i/xi\ < R on Wi and \xj-i/xj\ < R on Wj, so \xj/xj-i\ > {1/ R 2 )\xi + \/xi\ on 
Wi n Wj. For j > i + 1 this contradicts the inequality (14.2j) . hence D = as 
claimed. 

It follows that Wi embeds in Xj. Let Vi denote its image, with indices now under- 
stood modulo n. Thus X° 3 = (J Vi and the inverse image of Vi is the (disjoint) union 
of Wj such that j = i mod n. We have Vi D Vj = for j 7^ i — 1, i, i + 1 by our claim 
above. So, writing V Pj j := Vi for p the ray of £ corresponding to the condition 
(2)(b) is satisfied. 

(3) We have the open covering Xj — \J Vi and open embeddings K C C/^j, and 
an open covering X^ N+1 = \jU i>m N+i. The restrictions of Ui t j/Sj and U i:m N+i / S m N+i 
to S J+m N+i are identified, and the gluing maps coincide. It follows that the restric- 
tion of Xj/Sj is identified with a neighbourhood of the vertex in the restriction of 
X m N+i j S m N+i using Lemma 12.111 □ 

Lemma 4.2. Let q G Y' be a cusp singularity and f: Y — >■ Y' the minimal resolution 
of q G Y' , with exceptional locus D = D\ + • • ■ + D n a cycle of smooth rational curves. 

Define vectors G Z 2 fori G Z &y u = Q , «i = Q and = (-^modnM 

/or eac/i i G Z. Lei S C I 2 k t/ze convex hull of the Vi. Then H is an unbounded convex 
polytope and the Vi are the integral points lying on the boundary o/S. Lei T G SL(2, Z) 
6e the matrix such that Tvq = v n and Tv\ = v n+ i. Then T := (T) ~ Z acts properly 
dis continuously on H. 

Lei Z 6e the quasiprojective toric variety ( only locally of finite type ) associated to 
S. Let E C Z be the toric boundary of Z , an infinite chain of smooth rational curves 
corresponding to the boundary of S. Then there exists a tubular neighbourhood E C 
N C Z such that the F action on E induces a properly discontinuous F action on N. 
Let F C X denote the quotient of E C iV by F. So F is a cycle of smooth rational 
curves. Then F C X can be contracted to a singularity pel, which is a copy of the 
dual cusp to q G Y'. Moreover, X is obtained from the minimal resolution of p G X by 
contracting all the (—2)-curves. 

Proof. Let S be the fan in M 2 with maximal cones er^i+i = (vi,Vi + i)^ >0 for i G Z. Let 
C denote the closure of the support of E. Let £' be the normal fan for the polytope 
H and C the closure of its support. We observe that C coincides with the dual of C, 
together with the induced T-action. It follows that X is a partial resolution of a copy 
of the dual cusp. See Example 11.91 

The surface X has Du Val singularities of type A. Indeed, Vi is a vertex of S iff 
?Tij := — D\ > 2. The corresponding point of Z is smooth if = 3 and a singularity 
of type A m ._ 3 if m 8 > 3 (by direct calculation using v^i + = rriiVi). Also is 
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relatively ample over X by Lemma [4.31 below. Indeed, the vectors U{ := Vi+\ — Vi are 
the primitive integral vectors in the direction of the edges of S, and 

Ui - Ui-x = v i+ i + Vi-! - 2v.i = {rrii - 2)v u 

so the lines i>j+R-(/Uj— itj_i) = M.-V{ all meet at the origin. We deduce that X is obtained 
from the minimal resolution of X by contracting all (— 2)-curves as claimed. □ 

Lemma 4.3. Let P C IR 2 be a rational convex polygon and X the associated toric 
surface. Fix an orientation and let e ,ei,e 2 denote consecutive edges of the boundary 
of P. Let C C X denote the component of the toric boundary associated to the bounded 
edge e± C P. Let v = e$ D e\ and V\ = e\ D e 2 be the vertices of e\. Let u ,u 1 ,u 2 G Z 2 
denote the primitive integral vectors in the direction of eo,e\,e2- Then Kx • C > iff 
the lines Vo + M.(u\ — u ) and V\ + lR(n 2 — U\) meet on the opposite side of ei to P. 

Proof. This is an elementary toric calculation. When rewritten in terms of the normal 
fan of P it is the criterion of [R83j . 4.3. □ 



Lemma 4.4. We use the notation of the proof of Theorem ^..1^ 2). Let Xj be the 



coordinate functions on Z° = [jUi t j. There exists 5 > such that on each open set 
Ui t j if \xi\ < 5, \xi-i\ < R\xi\, < -R|xj|, and \z p \ < 1 for allp G Pbdy then \xj\ < 1 

for all j . 

Proof. The points Uj, and Vi+i are consecutive integral points on the boundary 
of the infinite convex polytope S with asymptotic directions W\,W2- It follows that 
wi = anVi + finivi-x-Vi) and w 2 = a i2 Vi+ ^(vi+i-vi) for some aa, fta, a i2 , A2 G M> . 
Note that the ratios 0a/ an, Pn/ota only depend on i modulo n (because W\,W2 are 
eigenvectors of T and T(vi) = v i+n ). Let \i be the maximum of the ratios fin/an, Pi2/cei2 
for i = 1, . . . , n. Let 5 = R~^. If j > i then Vj = avi + /3(vi + i — Vj) with ft/a. < Pi2/&i2- 
The coordinate function Xj can be written as z p xf{xi + i/xi) 13 on Vi, where p G Pbdy 
Thus \xj\ < 5 a R 13 < 1 for \xi\ < 5 and \z p \ < 1. The same is true for j < i by 
symmetry. □ 

4.2. Thickening of cusp family. 



Theorem 4.5. Letpj: Xj — > Sj be the analytic family of Theorem \4-l\ Possibly after 
replacing Sj by a smaller neighbourhood ofO&Sj and Xj by a smaller neighbourhood 
of s(S'j) C Xj, the following holds. Let I C P be a monomial ideal such that \fl = J 
and let Sj C Sj denote the induced thickening of Sj C Sj. There is an infinitesimal 
deformation pi : Xi — > S' £ of pj : Xj — > Sj such that for each N > the restriction 
to Speck[P]/(J + m Ar+1 ) is identified with an analytic neighbourhood of the vertex in 
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the restriction of the family X m N+i / S m N+i given by Theorem \2.33[ (1) applied with 

As usual, £) can is the canonical scattering diagram on B associated to the pair (Y, D). 
Let D be the scattering diagram obtained by reducing £) can modulo / as follows: For 
each ray D of £> can , we truncate the attached function / by removing monomial terms 
lying in J-kfP^J, and we discard the ray if the truncated function equals 1. Thus £> has 
only finitely many rays and the attached functions / a are finite sums of monomials. 

We use the scattering diagram D to define a complex analytic space X°j S\ as follows. 
Recall from Lemma r2.19l the description of the schemes U p j/Si for p G X : if er_, a + G X 
are the maximal cones containing p, 

U p>1 = V(X.X + - z^X~ D "f p ) c A 2 X _ >X+ x (G m ) x x S z . 

We have open subsets U p ^ ± j C U p j defined by X± ^ 0. For a G £ a maximal cone 
with edges p, p' we have canonical identifications 

(4.3) U Pttr>I = U , a>1 = U p ,^i 

where 

U a ,a — (G m )x,I' X Sj. 

Recall that we have an open covering Xj = lJ JgE V^j and open analytic embeddings 
Vp 7 j C U p ^j. For a maximal cone a G £ with edges p, p', write 

where we use the identification (14.31) . Let V Pj(T ,j C V^j, V^' jCT; j C V^,j denote the open 
subsets corresponding to V a ^j under (14. 3p . Let V p j, V Pt(T j, etc., be the infinitesimal 
thickenings of these open sets determined by the thickenings U p j of U p j. Let a G £ be 
a maximal cone with edges p, p'. Let 7) s : U p r )(T) i — >■ t/p )0 -,j be the gluing isomorphism 
defined as in §2.21 Note that the canonical scattering diagram 2) can is trivial modulo 
J (because (Z?i, . . . , -D n )Q does not contain any A 1 -classes). Hence # 7j j) restricts to the 
identification ( 14. 3D modulo J, and thus restricts to an isomorphism 

Vp',a,I — > Vp,a,I- 

Gluing the V p j via these isomorphisms we obtain an infinitesimal deformation Xf/S'j 
of Xj/Sj. Note that there are no triple overlaps of the V Py j by Theorem I4.1( 2)(b). 
hence no compatibility condition for the gluing automorphisms. It is clear from the 
construction that the families X° I jS' l and X m N+i / S m N+i are compatible. 

Proof of Theorem \4-5\ We define sections i9 q G T(X°, Ox°) for q G -B(Z), compatible 
with the sections of Theorem 12.331 (2). We proceed as in the algebraic case: we 
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first define a local section Liftg(g) for each choice of basepoint Q G B \ Supp(3)) 
on a corresponding open patch of Xf using the broken lines construction. The new 
difficulty here is that the functions Lift<g(g) are not algebraic, even over the unthickened 
locus S'j. Indeed, by definition Liftg(g) = ^Mono(7) is a formal sum of monomials 
corresponding to broken lines 7 for q with endpoint Q. This sum has infinitely many 
terms in the present case and so we must prove convergence. This is done in §4.2.14 
see Propositions 14.81 and 14.91 

Once this convergence is proved, we observe that these patch to give well defined 
global sections. This follows from the consistency of 3) can and compatibility of Xj/Sj 
with X^ N+1 /S mN+ i for N>0. 

We define an infinitesimal thickening Xf/Sj of Xj/S'j by Ox t = i*Ox° where 
i : Xj C Xj is the inclusion. Then Xj / S'j is flat by Lemma 12.341 and the existence 
of the lifts 0,. □ 

4.2.1. Convergence of Lifts. Let C C Mr be the closure of the support |S| of the fan E, 
a closed convex cone. Let w\, W2 be generators of C. Then wi, W2 are eigenvectors of T 
with eigenvalues A -1 , A for some A G R. We may assume that A > 1. Let 7r: Bq — > B 
denote the universal cover of Bq. So Bq is identified with the interior Int(C) of C, 
with deck transformations given by the action of T = (T) on C. Let V, (p, and -Bo(Z) 
denote the pullbacks of V, <p, and £?o(Z). Let D denote the scattering diagram on Bq 
induced by D. We fix a trivialization of V as the constant sheaf with fibre P gp © M. 

The behaviour of the broken lines 7 is best studied by passing to the universal cover 
Bq of Bq. Let Q e B , q G -B (Z), and choose lifts Q G -Bo, <? £ B (Z). Then a broken 
line 7 on Bq for q with endpoint Q lifts uniquely to a broken line 7 on Bq for T N (q) with 
endpoint Q, for some N G Z, and the attached monomials are identified via = tt*V. 
Note that T N (q) approaches 1R> ■ w 2 as — > 00 and M> • as A r — > —00. 

If 7 is a broken line for a point g G Bq(7j) with endpoint Q E Bq then 7: (—00, 0] — >■ 
i?o is a piecewise linear path in -Bo = IntC with initial direction —q, ending at Q, 
and crossing all the rays between M>o5 and M>oQ in order. Let ti, . . . ,ti G (— 00, 0) 
denote the points where 7 is not affine linear. Each point 7(tj) lies on a ray of the 
scattering diagram I3D and the change j'(ti + e) — j'(ti — e) in the direction of 7 as it 
crosses di is an integral multiple of the primitive generator of 9j. Moreover this multiple 
is positive because each ray of the canonical scattering diagram is an outgoing ray in 
the terminology of Definition 12.171 So the path 7 is "convex when viewed from the 
origin" . 

It is convenient for the convergence calculation to decompose the monomials for 
broken lines as follows. Let 7: (— 00, 0] — > B Q be a broken line, t G (— 00, 0] a point 
such that 7 is affine linear near t and ~f(t) lies in the interior of a maximal cone a of 
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E, and cz q the monomial attached to the domain of linearity of 7 containing t. Here 
c G k and q G P$ a C P gp © M. We write cz q = az^ m \ where m = r(q) <E M and 
monomial in k[P]. We also use the same decomposition for the 
monomials occuring in the scattering functions /o for 6!D. Let D be a ray in Q with 
primitive integral generator m G M and r = r the smallest cone of E containing 0. 
Then / — 1 is a sum of monomials cz q where c G k and g G P^ T , ^ -r(g) 6 i). We 
write cz q = az^ T ^ where m — r(q) and a = cz q ~^ T ^ is a monomial in k[P]. 

The scattering diagram D on B is finite (because we have reduced modulo 7), and 
D is its inverse image under ir: B — > B . Thus 2) has only finitely many T-orbits of 
rays. Moreover, the T-action on the scattering functions / is induced by the given 
action on Mr and the trivial action on k[P] as follows: writing / = 1 + ^ a m z^ T ^ 
as above, f m = 1 + ^ flm^™ (T(m)) ■ 

Lemma 4.6. Let Q E Bq \ Supp(S) be a point contained in the interior of a maximal 
cone o G E. VFe consider broken lines 7 on Po / or T N (q), some N G Z, w't/i endpoint 
Q, such that Mono(7) ^ I ■ k[P^ CT ]. Let k > &e snc/i t/iat (k + 1) J C 7. 

(1) The number of bends 0/7 is at most fc. 

(2) The number of broken lines for T N (q) with endpoint Q is 0(\N\ k ). 

(3) For 7 a broken line from T N (q) with endpoint Q write Mono(7) = a y z^ a ^ m ~'^ 
where a 7 is a monomial in k[P]. Assume that \z p \ < e < 1 for all p G P. Then 

|a 7 |=0( J] 1^1^). 

pes 

dim p— 1 

Proof. (1) At a bend tj G (—00, 0] of 7 the attached monomial is replaced by the 
monomial Ci + iz qi+1 = cz q ■ CiZ Ql where cz q is a term in a positive power of the scattering 
function / associated to the ray d containing 7(^1) ■ m particular c^ 9 G J ■ k[P^ T J. 
Since Mono(7) ^ 7 • kfP^J and (A; + 1) J C 7 it follows that there are at most k bends. 

(2) Such a broken line crosses 0(|iV|) scattering rays. If 7 is a broken line for T N (q) 
then the initial attached monomial is specified, equal to z^ T At a scattering ray 
d, let u denote the primitive generator of d, f = fx, the attached function, and let 
cz q be the monomial attached to the incoming segment of the broken line. Then the 
possible continuations of the broken line past D correspond to the monomial terms in 
f d , where d = \r(q) A u\ is the index of the sublattice of M generated by r(q) and u. 
Note that since / = 1 mod J ■ k[P^ ] the number of monomial terms in f d not lying 
in 7 ■ k[P^ r ] is bounded independent of d. Further, since there are a finite number of 
T-orbits of scattering rays, and the T-action preserves monomials, there is a bound on 
the number of monomial terms independent of the ray 0. Now by (1) the total number 
of broken lines is 0(\N\ k ). 
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(3) By symmetry we may assume that N > 0. Let £) G D be a scattering ray, 
/ = /a the attached function, and 7 a broken line that crosses 9. Suppose first that 
is contained in the interior of a maximal cone a of £. Let az^' 7 ''" 1 '' be the monomial 
attached to the incoming segment of 7 near d. Let it be the primitive generator of 
D. Then the outgoing monomial obtained from the incoming monomial by 

multiplication by a monomial term in f d , where d = \mAu\. Write / = l + + - ■ - + fr, 
a sum of monomials. Since / = 1 mod J ■ kfP^J we have 

(4-4) f d = (■ d -)fi---fr r mod/-k[Pj. 

il+ ... + i r <k 

The multinomial coefficient 

/ d \ _ d\ 

...,i r J' hi- ■•i r \(d -ii v)! 

is bounded by The direction of the scattering ray is u = T s (/3) where < s < N 
and P G M is chosen from a finite set. The vector m G M is of the form 

1 

i=i 

where / < k, < Sj < iV for each z, and the a« G M are chosen from a finite set. Indeed, 
for the monomial terms cz q occurring in the powers f d of the function / = f d attached 
to a given scattering ray d, only finitely many exponents q G P^, Tj) occur (working 
modulo / ■ k[P^ ]). So there are only finitely many possible changes of exponent q for 
the attached monomial cz q of a broken line at a scattering ray modulo the action of T. 
Now identify M = 1? and let || • || denote the standard norm on Mr = M 2 . Then 

d = \m A u\ < \\m\\ ■ \\u\\ = 0(X 2N ). 

So, the coefficient a' G k[P] of the outgoing monomial is given by a' = c ■ z p ■ a where 
c G k, p G P, and c = 0(\ 2kN ). Thus \a'\ = 0(X 2kN ) ■ \a\ for \z p \ < 1. 

Second, let p G £ be a ray and cr + , cr„ the maximal cones containing p. Suppose 7 is 
a broken line that crosses p, travelling from a_ to er + . Let a-Z^-*-"^ be the monomial 
attached to the incoming segment of 7 near p and a + z^' a + ( > Tn -* the monomial attached 
to the outgoing segment. By the definition of ip, 

z (pa_{m) _ f z [D p }\-(n p ,m) z <f><r + {m) ^ 

where n p G iV is primitive, annihilates p, and is positive on a + . Write d := — (n p ,m); 
note d = \u A m| > where u G M is the primitive generator of p. If 7 does not bend 
at p then a + = (z^ Dp ^) d ■ a_. In general a + = ^ D ^) d ■ a'_ where a'_z^ a - ( - m '^ is obtained 
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from a_z**-W as above (by applying the scattering automorphism associated to p and 
selecting a monomial term). 

We need to show the exponent c/=|wAm|>0of z^ Dp ^ in the previous paragraph 
is large for some rays p. This will allow us to absorb the 0(X 2N ) factors coming from 
bends of 7 and obtain the estimate (3). Let 7 be a broken line for T N (q), then 

1 

i=i 

as above, where < I < k, N > Si > ■ ■ ■ > si > 0, and the lie in a finite set. Write 
s = N and = 0. Choose j such that Sj — > N/(k + 1). Now consider the 
exponent d — \u A m\ for m = T N (q) — Yli=iT St &i given by the monomial attached 
to the segment of the broken line between bends j and j + 1 and u = T Sj+1 (3 the 
primitive generator of a ray of £ near bend j + 1. Then \u A m\ = \/3 A T Sj ~ Sj+1 m'\ 
where m' = T~ Sj (m). Write m' = p'iW\ +/i' 2 u>2, then \p' 1 \ is bounded and p! 2 is bounded 
away from zero by Lemma 14.71 Now 

u A m = (3 A T Si ~ Si+1 m! = p[{(3 A w 1 )A" ( ^-^+ l) + /i' 2 (/3 A w 2 )X s ^ S]+1 , 

where Sj — Sj + i > N/(k + 1), so 

\u A m\ > c ■ \ N /( k+ V 

for some constant c > 0. 

Combining our results now gives the estimate 

a, = 0((X 2kN ) k ■ |^pl|^ /(fe+1) ). 

dim p— 1 

where the first factor bounds the contribution associated to bends of 7 and the second 
factor bounds the contribution associated to rays p of the fan crossed by 7, as described 
in the preceding two paragraphs. This implies the estimate (3) in the statement. 
Indeed, the above expression is of the form 

X aN . x cAb» 

where a, b, c > and A > 1 are constants, and x = Y[ \z^ Dp ^\. This is bounded by Cx N 
for < x < e < 1, for some constant C (depending on e). □ 

Lemma 4.7. Let A C R be a finite set and A e R, A > 1. For k e N let S k C R be 

the set of real numbers s of the form s = Y^i=i c i^ Ui where I < k and Ci G A, n { G Z> 
for each i. Then Sk is discrete for each k. 

Proof. Proof by induction on k. We have So = {0}. Suppose S k is discrete. We have 
Sk+i = Un>o ^ n (Sk + A). Since A > 1 we deduce that Sk+i discrete. □ 
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For Propositions 14.81 and 14.91 below, the assertions hold after possibly replacing Xj 
by a smaller neighbourhood of s(0) G Xj (independent of /, Q and q). 

Proposition 4.8. Let Q G Bq \ Supp(£>) be a point contained in the interior of a 
maximal cone a of E. Each term of the formal sum Liftg(g) = Mono(7) is an 
analytic function on V aj(Tj i and the sum defines an analytic function on V a>(T j. 

Proof. Recall that V a ^j is an infinitesimal thickening of the reduced complex analytic 
space V a ^j. Write 

V 0fff := {(X l7 X 2 ) I \X X \ < R\X 2 \, \X 2 \ < R\Xt\} C (G m ) 2 Xl ,x 2 x S. 

Then V a>a is a reduced complex analytic space containing V a)CT j as a locally closed 
subspace. We show that the sum LiftQ(g) converges (uniformly on compact sets) to an 
analytic function on a neighbourhood of V a , a ,i in V a<a . 

Let Q G -Bo be a lift of Q and a the lift of a containing Q. Let u\, u 2 be the primitive 
generators of a (a basis of M) such that the orientation of U\,u 2 agrees with that of 
wi,w 2 . Let Xi = z^ a ( Ul \ i — 1,2, be the associated coordinate functions on V^ )CT) /, so 
that 

V^j C {(X l5 X 2 ) I \X X \ < R\X 2 \, \X 2 \ < RIX,]} C (G m ) 2 Xl>X2 x S'j. 

For m G M, writing m = a\U\ + a 2 u 2 , we have z^ a ^ = X^X^ 2 . 

As already noted, broken lines 7 on Bq for q with endpoint Q lift uniquely to broken 
lines on B for T N (q) with endpoint Q, for some JVgZ, and the attached monomials 
are identified. Write Mono(7) = a 7 2^* < - m7 - ) and m 7 = a±U\ + a 2 u 2 . Clearly Mono(7) = 
a^X^X^ 2 G k[P] [X x 1 , X^ 1 } is an analytic function on V a>a . Also write m 7 = /iiiui + 
^2^2- By Lemma I4.10[ (1), \i\ and \i 2 are bounded below. The points u\ and u 2 
are adjacent integral points on the boundary of the infinite convex polytope H with 
asymptotic directions Wi,w 2 . It follows that w\ = (3\u 2 + 71 (u\ — u 2 ) and w 2 = 
02^1 + 72(^2 - ui), for some 0x, /3 2 , 71, 72 > 0. Hence 

l^(m 7 )| = \x^x^\ = {\x 2 \ f3 '\x l /x 2 [ li Y'(\x l f 2 \x 2 /x l \ 12 Y 2 . 

Now \Xx/X 2 \ < R, IX2/X1I < R on V^. Thus, for < 5 < min (iT^ 1 , iT^/ft) and 
any 5' > 0, (z^"^)] is bounded for < <5' < |Xi|, \X 2 \ < 5. (Note that 5' is required 
because fi\, fi 2 may be negative — we only obtain uniform convergence of the series 
Liftg(g) on compact subsets of V a<a .) By Lemma I4.6[ (3), if \z p \ < e < 1 for all p G P 
we have |a 7 | = 0(e^). By Lemma 14.61 (2), the number of broken lines for T N (q) is 
0(\N\ k ). Combining, we deduce that Liit q (Q) = ^Mono(7) is convergent on the open 
analytic subset V' aa of V a ^ a defined by |-Xi|, \X 2 \ < S and \z p \ < 1 for allp G P, for some 
5 > (independent of / and q). After replacing Xj by an analytic neighbourhood of 
the vertex s(0) G Xj, we may assume that V a ,a,i C □ 
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Proposition 4.9. Let Q G Bq \ Supp(S)) be a point contained in the interior of a 
maximal cone a of £ and let p be an edge of a. Consider the formal sum Liftg(g) = 
^]Mono(7). For Q sufficiently close to p each term of the sum is an analytic function 
on V p j and the sum defines an analytic function on V p j. 

Proof. Write er + = o and let cr„ G £ be the other maximal cone containing p. Let 
Q, p,a + ,d- be compatible lifts to B . Let u,U-,u + be the primitive generators of p 
and the remaining edges of a_ and cr+, and write X, X_,X + for the corresponding 
coordinates on V p j. So 

V pJ c {(X_,X+,X) | |X_| < R\X\, \X+\ < R\X\} c V(X_X + - z [Dp] X- D "f p ) 
Define 

y p = {(X_,X+,X) I |X_| < R\X\, |X+| < R\X\} c V(X^X + -z [D ^ ] X~ D pf p ) 

We assume that the orientation of is the same as that of Wi,w 2 - 

We first consider broken lines 7 lying in the cone generated by u and w 2 - Write 
Mono(7) = ciyZ^V 71 ^, and m 7 = au + = /iiu>i + /i2U>2- By Lemma |4.10[ (1). \pi\ 

is bounded, and \i 2 > for all but finitely many 7. By Lemma [4.101 (2). o + > 0, so 
Mono(7) = a 7 X a X" + G k[P][X ±:L , X_, X + ] is analytic on V p for each 7. In particular 
we may assume in what follows (discarding finitely many terms Mono(7)) that p 2 > 0. 
Writing ui\ = —(3\u + + jiu and w 2 = f3 2 u + 72(^4- — u), we have 0i, (3 2 , 71, 72 > and 

l^(m 7 )| = (ix+i-^ixiT^^dxi^ix+zxi 72 )^ 2 . 

Recall that |X + /X|, |X_/X| < R on V p . Also, the equation for V p gives 

Iz^x; 1 ! = |x_| • \x\ d p ■ \f p \-\ 

The function f p on restricts to the constant function 1 over Sj. Hence we may 
impose the condition \f p \ > 5' for any small 5' > 0. We see that for < 5 < Rr^l^ ; 
and any 5' > 0, if 5' < \X\ < 5 and \ f p \ > 5' then 

is bounded, where c = (3i ■ sup({//i}) is a constant. Now by Lemma H~6] (3), if \z p \ < 
e < 1 for all p G P then 

I Mono( 7 )| = |a 7 ^ (m ^| = 0(e |Ar| ). 

Recall that the number of broken lines for T N q is 0(\N\ k ) (Lemma I4.6[ (2)). We 
deduce that the sum Mono(7) over broken lines 7 lying in (u,w 2 )u >0 is uniformly 
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convergent on compact sets for \X\ < 5, f p ^ 0, and \z p \ < 1 for all pGP, where 6 > 
is independent of I and q. 

Finally, we consider broken lines lying in (u, u>i)r >0 . We write 

Lifto(g) = LiftJ(g) + Lift" (q) + Liftg(g) 

where the terms are sums over broken lines 7 with (n p , m 7 ) positive, zero, and negative 
respectively, where as before n p is positive on 07. Then Lift J (g) + Lift ° Q (q) is the sum 
over broken lines lying in (u,w 2 )u >0 and so defines an analytic function on V p j as 
proved above. Let Q' be a point close to Q contained in cr_. Then 

Lift^g) = 6{Uit QI {q)) 

where 9 is the scattering automorphism attached to p, see the proof of (13.8)1 . Because 
the scattering automorphism is incorporated into the definition of V p j, this means that 
Liftg(g) and Liftg,(g) are identified as formal sums of functions on V p j. Now, LiftQ,(g) 
is a sum over broken lines on Bq lying in (u,Wi)-r >0 . Hence by symmetry Liftg,(g) 
defines an analytic function on V p j. Combining we deduce that Liftg(g) defines an 
analytic function on V p j. □ 

Lemma 4.10. Let Q G Bo\Supp(2)) be a point contained in the interior of a maximal 
cone a G S. Consider broken lines 7 on Bq for T N (q) with endpoint Q, for all N G Z 
such that T N (q) G (Q, w 2 )m. >0 . Write Mono(7) = a^ 5 ^ 1 ' , and m 7 = p\W\ + p^i- 

(1) I is bounded, and p 2 is positive for all but finitely many 7. In particular, 
pi, p 2 o,re bounded below. 

(2) Let Ui,U2 be generators of a with the same orientation as Wi,W2- Then for Q 
sufficiently close to p := IR> • u%, m 1 lies in the half space R • u\ + lR>o • u 2 for 
each 7. 

Proof. (1) Note that the rays spanned by u>i,u>2 are irrational so pi, p 2 7^ 0. Suppose 
for a contradiction that there is an infinite sequence of broken lines 7 such that m 7 = 
p±Wi + p 2 w 2 with p 2 < 0. Each broken line has at most k bends and there are a finite 
number of T-orbits of possible changes a G M of the derivative of 7 at a bend; see 
Lemma l4~6l and its proof. So, passing to a subsequence, we may assume that the bends 
(in order of increasing t G (— 00, 0]) of each 7 are of types T Sl a 1; . . . ,T Sl ai for some 
fixed ai, G M, I < k, and N > Si > s 2 > • • ■ > si > (depending on 7). Say 
N — Si is bounded for i <V and unbounded otherwise. Passing to a subsequence, we 
may assume that N — Sj is constant for % < I'. Let 7' be the broken line obtained by 
truncating 7 after the first V bends, and moving by a homothety so that (extending its 
final line segment) 7' ends at Q. Then my = T N (m) for some fixed m G M. Moreover, 
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since Tw-i = Au>2, A > 1, it follows that we must have m = v\W\ + V2W2 with V2 < 0. 
This is a contradiction because my lies in the half-space M. ■ Q + M>o • ui2- 

To see that \p\\ is bounded, recall that m 7 = T N (q) - Ei=i TSl "i wh ere < I < k, 
< Si < N, and the a» are selected from a finite set. Now since Tw% = X~ 1 W\ it 
follows that is bounded. 

(2) Let u be the connected component of i?o\Suppj(2)) contained in a and containing 
p in its closure. Let Q' G u be a point such that Q' G (p, Q)r >0 . Then if T N (q) G 
(Q, W2)e >0 and 7' is a broken line for T N (q) with endpoint Q', we obtain a broken line 
7 for T N (q) with endpoint Q and m 7 = my as follows: First apply a homothety to 
obtain a broken line passing through Q, then truncate at Q. 

Now suppose 7 is a broken line for T N (q) with endpoint Q and m 7 not lying in the 
half-space 1R • U\ + lR>o • «2- Since m 7 lies in the half-space M • Q + M>o • W2 we find m 7 
lies in the cone generated by —Q, —U\. In particular, m 7 does not lie in the half-space 
1R ■ Wi + ¥L> Q W2, so by (1) there are only finitely many such 7. Now by the above 
construction it follows that for Q sufficiently close to p there are none. □ 

4.3. Smoothness. 

Assumptions 4.11. We consider the following three cases: 

(1) Every A 1 -class lies in J, and for any monomial ideal I such that \fl = J there 
are only a finite number of A^^-classes not lying in I. Furthermore there are at 
least 2 rays p of S such that z' Dp l G J. 

(2) There is a toric modelp: Y — > Y . For some ample divisor H on Y , apP\{p*H)- L 
is a face of Op, and J = P \ P R [p*H)- L . 

(3) The field k = C. The intersection matrix (Di ■ P J j)i<i,j<n is negative definite, 
Df < —2 for each i, and n > 3. The cone o~p is strictly convex. For some nef 
divisor LonY such that L 1 - fl NE(F) K>0 = (D 1 , . . . , D n ) R>0 , a P fl L L is a face 
of op and J = P\PHL ± . 

Let J be a monomial ideal such that \fl = J. In cases (1) and (2) we have an 
algebraic flat family //: Xj — > Si by Theorem 12.331 (1), consistency of £) can , and 
Remark 13.191 In case (3) we have an analytic flat family fj : Xj — > Sj by Theorem 14.51 
where Sj is an analytic neighbourhood of G Sj. In the remainder of this section we 
will abuse notation and denote Sj by Si. 

Let fj : Xj — > &j denote the formal deformation determined by the deformations 
Xjn+i -> Sjn+i for N > 0. Thus in the algebraic cases &j = Spf (limk[P]/J JV+1 ) 
is the formal spectrum of the J-adic completion of k[P], Xj is a formal scheme, and 
Xj — > &j is an adic flat morphism of formal schemes. In the analytic case, @j is the 
formal complex analytic space obtained as the completion of S along Sj, Xj is a formal 
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complex analytic space, and Xj — > &j is an adic flat morphism. We refer to |G60] and 
|B78j for background on formal schemes and formal complex analytic spaces. 

Let Zi := Sing(/j) C Xj denote the singular locus of //: Xj — > Si. Thus Zi C 
Xj is a closed embedding of schemes or complex analytic spaces. Since the singular 
locus is compatible with base-change, the singular loci Z Jn c X Jn determine a closed 
embedding 3j C Xj which we refer to as the singular locus of fj: Xj — > &j. 

We shall prove the following main smoothing theorems in this section: 

Theorem 4.12. Assume op is strictly convex and J = m := P \ {0} satisfies the 
conditions \4-H\ (!)■ Then the map Oqj — > fj*0$j is not injective. In particular, for 
I = m N+1 and N ^> 0, the map k[P]/I — > //*0sing(//) n °t injective. 

Theorem 4.13. (Looijenga's conjecture) Suppose that k = C and the intersection 
matrix (Di ■ Dj)i<ij< n is negative definite, so that D C Y can be contracted to a cusp 
singularity q &Y'. Then the dual cusp to q &Y' is smoothable. 

We have a section s: Sj Xj such that, for t G Sj general, the point s(t) G X J)t on 
the fibre is the vertex in the algebraic case and the cusp in the analytic case. We write 
Xj := Xj \ s(Sj) C Xj and Xj C Xi, 3£} C Xj for the induced open embeddings. 

Lemma 4.14. There exists ^ g G k[P] such that Swpp(g ■ 0$ r ) is contained in s(Sj). 
In particular, fj*(g ■ O^j) is a coherent sheaf on & j. 

Proof. We first recall explicit open coverings of X}. In the algebraic cases (1) and (2), 
X} is a union of open subschemes il^j, i = 1, . . . , n, given as follows. Write a; = 
and rrii = —Df. In case (1), 

(4.5) = V(x i ^ix i+1 - (ax?*) C A 2 Xi _ uXi+1 x (G m ) x . x 6j. 

In case (2), let Eij be the exceptional curves of p: (Y, D) — > (Y, D) over points of Di, 
and write bij = z^ 1 ^. Then 

= Vix^Xi^ - aixT Y[(l + hp' 1 )) C <_ 1|X4+1 x (G m ) Xi x &j. 

In the analytic case (3), let il^j be defined as in (14. 5[) above. Then X} is a union of 
open subspaces i = 1, . . . ,n, such that QJ^j is an analytic open subspace of il^j 
for each %. 

We now use the charts to compute the singular locus explicitly. In case (1) the 
singular locus 3i,j of il^j/© j is given by 

Hence if we define g = a\ ■ ■ ■ a n then Supp(g ■ O^j) is contained in s(Sj). The same is 
true in the analytic case (3). 
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Similarly, in case (2) the structure sheaf of the singular locus of il^j is annihilated 
by gi := OiYl^^bij - b ik ). (Here Y[j^ k {hj - b ik ) is the discriminant of the polyno- 
mial f(xi) := Y\{xi + bij). It is a linear combination of / and /' with coefficients in 
MIMIN- See ffil, p. 200-204.) So we can take g = gx"-g n . 

The support of g ■ 0$ r is a closed subset of s(Sj), hence proper over Sj. It follows 
that fj*(g ■ 3/ ) is coherent by [B78], 3.1 and 3.4.2. □ 

Let u( J) denote the natural map 



Let m denote the monomial ideal P\P X of P as usual. So, for any monomial ideal 
J C P, we have J C m. 

Lemma 4.15. u(J) is injective if and only if u(m) is injective. 

Proof. Let ^ g G k[P] be the element given by Lemma [4.141 Let JCj be the kernel 
of u(J) and K! 3 the kernel of g ■ u(J). Thus /Cj,/Cj are ideal sheaves in Oqj and 
g ■ JC'j C /C j C /Cj. The local rings of &j are domains by Lemma 14.161 so K>j = if 
and only if JC'j = 0. The sheaf K'j is coherent because the image of g-u(J) is contained 
in the coherent subsheaf fj*(g ■ 3j ) C fj*0 3j . 
We claim that the natural map 



m 



is an isomorphism. Let z E S m be a point and let Os, z denote the completion of Os, z at 
its maximal ideal. Note that Os yZ coincides with the completions of 0& m Z and 0@ ; 2 
at their maximal ideals. It suffices to show that the map 




^ JC'j ^ (D 6j ^ fj*(g ■ 3j ) 



and so an exact sequence of Cs^-modules 



Now 



(^■ 3J S ( 2 ) =^-C , 3j,s( z ) 
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where the hats denote completion with respect to the maximal ideal of Oe JiZ . Thus 
JC'j z <S> Os, z is the kernel of the map 

Os,z -»■ 9 ■ 03jX*V 

By the base-change property for the singular locus, this map coincides with the corre- 
sponding map for m. This proves the claim. 

The support of the ideal sheaf JC'j is either empty or Sj (because the local rings 
of &j are domains and Sj is connected). So K'j = if and only if }C' m = by the 
claim. □ 

Lemma 4.16. The local rings of Gj are integral domains. 

Proof. The completion of the local ring of &j at a point z G Sj is identified with 
the completion of the local ring of the toric variety S at z. By Serre's criterion for 
normality, the completion of a normal Noetherian ring at a maximal ideal is a local 
normal Noetherian ring; in particular, it is a domain. Since 0& JjZ is a local Noetherian 
ring, it is contained in its completion. We deduce that 0& JtZ is a domain. □ 



Lemma 4.17. Suppose we are in case (2) of Assumptions \4-H\ Then u(J) is not 
injective. 

Proof. By Lemma 14. 141 there exists ^ g G k[P] such that Supp(g ■ O^j) C s(Sj). By 
Proposition 13.401 there exists ^ h G k[P] such that Supp(/i ■ O^j) is disjoint from 
s(Sj). Thus gh ■ O-^j = 0, that is, gh lies in the kernel of u(J). □ 

Proof of Theorem \4-12\ By Proposition 11.191 there exists a toric blowup it: (Y,D) — > 
(Y, D) such that (Y, D) has a toric model p: (Y, D) (Y, D). 

Let H be an ample divisor on Y . Let ap C A\(Y, M.) be the rational polyhedral cone 
given by 

ap := (7T,)-V P n {(3 G H 2 {Y, E) | (3 ■ (p*H) > 0} 

and P := ap(l A±(Y \Z) the associated toric monoid. Let F C Ai(Y,Z) be the free 
abelian group generated by the 7r-exceptional divisors. Since ap is strictly convex there 
exists an ample divisor H on Y such that ap C (H > 0) and ap H iP 1 = {0}. Then 
ap n (n*!!) 1 - is a face of cr p contained in P £g>^ R. Define radical monomial ideals 
m, Ji, J 2 C P by 

m = P\P X 

Ji = P \ (p^H) 1 
J 2 = P\(n*H) ± 
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By Lemma 14.171 u(Ji) is not injective. Hence u(m) and u(J 2 ) are not injective by 
Lemma [4.151 Let Xj 2 /&j 2 be the family given by Theorem 12.331 (1) with D = £) can 
over the formal thickening of Sj := Speck[P]/J 2 - 

Let T = Hom(P, G rn ) be the big torus for Sj 2 . Write D = D x + h D r . Let 

Ty = Hom(A 1 (F),G m ) be the big torus for S = Speck[P] and T D := G 7 m -> T Y the 
homomorphism of tori given by the map of character lattices 

The family Xj 2 /&j 2 is T D -equivariant, as discussed in §3.51 The composition F C 
Ai(Y) — > Z' r is a primitive embedding (because F C (Di, ■ ■ ■ , D r ) and its intersection 
matrix is unimodular, congruent to — I). So the corresponding composition T D — > 
Ty — > T admits a splitting T — > T D . By T-equivariance, the restriction of the family 
Xj 2 /& j 2 to the open subscheme of &j 2 defined by T C Sj is isomorphic to the direct 
product of X m / S m with T. Thus w(m) is not injective because w( J2) is not injective. □ 



Proof of Theorem \4- 13\ Let /: Y — > Y' be the contraction of D C Y. We may as- 
sume / is the minimal resolution of Y' . We may further assume n > 3. Indeed, 
the embedding dimension of the dual cusp equals max(n, 3) by [N80], Corollary 7.8, 
p. 232 and |KM98j . Theorem 4.57, p. 143. So in particular for n < 3 the dual 
cusp is a hypersurface and thus smoothable. Let L be a nef divisor on Y such that 
NE(F)k >0 HL 1 - = (Di, . . . , D n )jgi >0 . Let up C H 2 (Y, R) be a strictly rational polyhedral 
cone containing NE(Y) such that up D L L is a face of up. Let P = up D H2(Y, Z) and 
J = P \ P fl L x . By Lemma [4.151 and Theorem 14.121 U {J) is n °t injective. 

Let P G Sj be a point lying in the interior of the toric variety Sj and ft, G 0© J; p a 
nonzero element of the kernel of m( J) near P. By Lemma [4.181 there is a morphism 

v. SpecC[t}/(t N+1 ) -> 6 j 

such that i-> P and ^ G Cft]/^ 1 ). Let F/ Spec(C[t]/(t 7V+1 )) be the 

pullback of Xj/&j by v and Z C Y its singular locus. Then Yj Spec(C[t]/(t 7V+1 )) is 
a deformation of the dual cusp singularity and Oz is annihilated by t . By |A76| . 
Theorem 5.1, there is an algebraic finite type deformation Y'/ SpecCJt]] whose restric- 
tion to Spec(C[t]/(t 7V+1 )) is locally analytically isomorphic to Yj Spec(C[t]/(t iV+1 )). 
Let Z' C Y' denote the singular locus of Y'f SpecCJtJ. Then Oz 1 is a finite C[t]- 
module because the fibre Yq has an isolated singularity (using |Ma89] , Theorem 8.4, 
p. 58). Now O z = O z >/t N+1 O z > and t N O z = 0, so t N O z > = t N+l O z > and thus 
t N Oz' = by Nakayama's lemma. Hence the general fibre of Y' / SpecC[[t]] is smooth, 
and Y' / SpecCJi] is a smoothing of the dual cusp. □ 
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Lemma 4.18. Let A be the completion of a finitely generated normal Cohen- Macaulay 
C-algebra at a maximal ideal. Let O^oGi. Then there exists N > and a C-algebra 
map f:A-> C[t]/(t N+1 ) such that f(a) ^ 0. 

Proof. Extend a to a regular sequence a,t±, . . . ,t r of length dim A. Then the nor- 
malization of A/(t\, . . . ,t r ) is a finite direct sum of copies of C[t]. Now the result is 
clear. □ 

5. Extending the family over boundary strata 

Here we prove Theorem 10.11 and Theorem 10.21 Note that Theorem 10.11 holds for 
n > 3 by Theorems 12.331 and 13.81 We use Theorem 10.21 for n > 3 to prove Theorem 10.11 
for n < 3. 

As usual, let P be the toric monoid associated to a strictly convex rational polyhedral 
cone op C Ai(Y)w. which contains the Mori cone NE(y)R >0 . We have m = P \ {0}. 
For a monomial ideal I C P we define 

where R r = k[P]/L We take throughout D = D can . 

Assumptions 5.1. For any monomial ideal I with y/l = m, the multiplication rule of 
Theorem \2. 38\ defines an Rj-algebra structure on Aj, so that Ai® Rl R m = H°(Y n , Oy n ). 

Note we have already shown that Assumptions 15.11 hold if n > 3. 

Let G C -B(Z) be a finite collection of integer points such that the corresponding 
functions $ g generate the k-algebra H°(Y n , Oy n ). (Then the $ q , q G G generate Aj as 
an i?/-algebra if vT = m and Assumptions 15.11 hold.) Note for n > 3 we can take for 
G the points {v j}, and for n = 1,2, one can make a simple choice for G, see §5.11 



Lemma 5.2. For any monomial ideal J C P, flfc>o(^ + m ) = ^ • 

Proof. The inclusion D is obvious. For the other direction, as the intersection is a 
monomial ideal, it's enough to consider a monomial in the intersection. But notice 
that a monomial is in J + m k iff it is either in J or in m k . The result follows since 
H m k = 0. □ 

Assume 15.11 We let A be the collection of monomial ideals J C P with the following 
properties: 

(1) There is an i?j-algebra structure on Aj such that the canonical isomorphism 
of i?-modules Aj ® Rj Rj + j = A I+J is an algebra isomorphism, for all y/l = m. 

(2) tf,,?6G generate A j as an i?j-algebra. 
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By the lemma, the algebra structure in (1) is unique if it exists. The algebra structure 
on all Aj determines such a structure on A := l^m^j^Aj, Aj := lim ^ ^Aj + j. Also, 
there are canonical inclusions 

Ac J] R-d q 

q£B(Z) 

AjC H Rj-$ q 

q&B{1) 

where R, Rj are the completions of R, Rj at m, J + m (here the direct products are 
viewed purely as R, Rj modules). We can also view 

Aj := Rj - 0, C H Rj ■ 0,. 

qeB(Z) qeB(Z) 

It is clear that Aj C Aj (as submodules of the direct product). Thus (1) holds if and 
only if the following, (1'), holds: For each p,q G -B(Z), at most finitely many z c d s with 
C ^ J appear in the product expansion of Theorem 12.381 for -d p ■ g G Aj. 

Lemma 5.3. If J & A and J C J 1 , then J' G A. In addition, A is closed under finite 
intersections. 

Proof. The first statement is clear. Now assume J\, J2 G A. It's clear that (1') holds 
for Ji n J2, so Aj lC] j 2 is an algebra. Moreover we have an exact sequence of k- modules 

A Jin j 2 A, h x A j2 -+ A Jl+ j 2 

exhibiting A Jin j 2 as the fibred product A Jl Xa Ji+ j 2 Aj 2 =: Ai x B A 2 =: A. We now 
show this fibred product is a finitely generated k-algebra. Indeed, note that since the 
maps Ai,A 2 — > B are surjective, so are the maps A — > Ai. Let {uj} be a generating 
set for the ideal ker(A2 — > B). Since Ai is Noetherian, one can find a finite such set. 
Note that Ui = (0,Mj) G A. In addition, choose finite sets {x^}, {yj} generating Ai and 
A 2 as k-algebras. For each of these elements, choose a lift to A, giving a finite set of 
lifts {ui,Xi,iji}, which we claim generate A. Indeed, given (x, y) G A, one can subtract 
a polynomial in the Xj's to obtain (0,y'). Necessarily y' G ker(A2 — > B), and hence we 
can write y' = fi u i w hh f] a polynomial in the y^s. Let fi be the same polynomial 
in the ^j's. Then ^ fiiii = (0,y'), showing generation. 

Thus A Jin j 2 is a also a finitely generated i?j in j 2 -algebra. Now the generation state- 
ment follows from Lemma 15.41 □ 

Lemma 5.4. Let I , J C R be ideals in a Noetherian ring, with I ■ J = 0, and let S 
be a finitely generated R-algebra, and R[Ti, . . . ,T m ] — > S an R-algebra map which is 
surjective modulo I and J. Then the map is surjective. 
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Proof. The associated map Spec S — > A m x Spec R is proper, and thus 5* is a finite 
R[Ti, . . . , T m ]-module. Now we can apply Nakayama's lemma. □ 

Proposition 5.5. There is a unique minimal radical monomial ideal I m \ n C P such 
that (1) and (2) hold for any monomial ideal J with L m \ n C \/~J . 

Proof. Certainly any ideal J with m C \fl lies in A. Note that a radical monomial 
ideal is the complement of a union of faces of P, so there are only a finite number 
of such ideals. Suppose hjh are two radical ideals such that J, G A for any Jj with 
Ii C \[Ti. Note that any ideal J with L\ l~l L 2 C \ J can be written as Ji (~) J2, with 
Li C \fJi- Thus by Lemma ESI J E A. This shows the existence of J min . □ 

Proposition 5.6. Assume \5.1[ 

(1) Suppose the intersection matrix {Di ■ Dj) is not negative semi definite. Then 
/ min = (0)ck[P]. 

(2) Suppose F C ap is a face such that F does not contain the class of some 
component of D. Then L m \ n C P\F . 

Proof. We prove both cases simultaneously, writing F := P in case (1). We claim there 
exists an effective divisor W with support D such that W ■ Dj > for all Dj contained 
in F. For case (1), see Lemma 15.91 In case (2), say [Pi] ^ F. Then we can take 
W = ^2 a iDi where a± ^> 02 S> ■ ■ ■ 3> a n > 0. 

The algebra structure depends only on the deformation type of (Y, D). By the 
local Torelli theorem for Looijenga pairs, see |L81] , II. 2. 5, we may replace (Y, D) by a 
deformation equivalent pair such that any irreducible curve C G Y intersects D. 

Let NE(Y) R > C Ai(Y, E) denote the closure of NE(T) R > . Let F' := NE(Y) K > ClF, 
a face of NE(Y) %0 . Define A = D - eW, < e < 1. Then (Y, A) is KLT (Kawamata 
log terminal). We claim Ky + A ~ —eW is negative on F' \ {0}. By construction 
(K Y + A) ■ Dj < for [r^] G F' and (AT y + A) • C < for C £ D. Let N be a nef 
divisor such that F' = NE(F) R > nN^. Then aA^ - (K Y + A) is nef and big for a > 0, 
and thus some multiple defines a birational morphism g by the basepoint-free theorem 
|KM98j . Theorem 3.3. Thus (Ky + A) -1 D F' is generated by exceptional curves of g. 
We deduce that (K Y + A) ± D F' = {0} and (K Y + A) is negative on P'\{0} as claimed. 
Now by the cone theorem |KM98j . Theorem 3.7, NE(F) R>0 is rational polyhedral near 
F 1 and there is a contraction p: Y — > Y such that F' is generated by the classes of 
curves contracted by p. It follows that we can find NE(y) R>0 C opi C ap such that F' 
is a face of a pi. Now the algebra structure for P comes from P' by base extension, so 
(replacing P by P') we can assume F = F', and thus that W is positive onF\ {0}. 

Now let J be a monomial ideal with \fj = P\F. Consider condition (1'). By the 
T D -equivariance of Theorem 13.431 any z d s that appears in dp ■ dq has the same weight 
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for T . Thus it is enough to show that the map 

w : B(Z) x (P\J) -> X (T D ), (q, C) ^ w(q) + w(C) 

has finite fibres. It is enough to consider fibres of er(Z) x (P \ J) — > x{T D ) for each 
a G Smax- Note that cr(Z) x P is the set of integral points of a rational polyhedral 
cone, and w is linear on this set. Thus it is enough to check that ker(w) n F — 0. 
So suppose we have q G er(Z), C G F with u>(g) + w(C) = 0. Say a = cr^j+i. Then 
g = a^j + for a, 6 G Z> . We have 

i%) + w(C) = ae Dz + be Di+1 + ^(C ■ Dj)e D .; 

j 

thus if this is zero, we have C ■ Dj < for all j. In particular, W ■ C < 0. Since W is 
positive on F \ {0}, C — 0. Now necessarily a = 6 = g = 0. This proves 

For (2), let Aj C be the subalgebra generated by the 'dq.q G G. Fix a weight 
to G x(X). To show = it is enough to show that each of the finitely many 
z c, d q G Aj, with (q, C) G B(Z) x (P \ J) of weight iw lies in Aj (since the z c d q give 
a k-basis of Aj). We argue by decreasing induction on ord m (C) (see Definition I2.26D . 
Since the set of possible (q, C) is finite, there is an upper bound on the possible ord m 's. 
so the claim is vacuously true for large ord m . Consider z c ' -ftp, with ord m (C) = h. Since 
the fiq generate A j modulo m, we can find a G A'j such that 

•d p = a + m 

with m G m • Aj. Moreover, we can assume a, and thus m, is homogeneous for the T D 
action. Now 

z Cr d p = z c a + z c m. 

Clearly z c 'm is a sum of terms z D, d q of weight w and ord m (-D) > h, so z c m G A'j by 
induction. □ 

Remark 5.7. Suppose p: Y — > Y is a contraction such that some component of D is 
not contracted by p. Let F be the face of NE(F)k >0 generated by classes of curves 
contracted by p. Then NE(y)jR >0 is rational polyhedral near F. (This follows from the 
cone theorem, cf. the proof of Proposition 15.61 ) In particular there exists a rational 
polyhedral cone o> C Ai(Y,R) such that NE(y) R>0 C o> and a P coincides with 
NE(F) R > near F. 

Corollary 5.8. Theorem \0.2\ holds for n > 3. 



Proof. Immediate from Proposition 15.61 



□ 
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5.1. Proof of Theorems [ED and EH for n < 3. If n < 2, let p : (Y', D') (Y, P>) 
be a toric blowup with n' > 3. We can find a strictly convex rational polyhedral cone 
opi with 

NE(YV C a P , C A!(y')H 

which has a face P spanned by the p-exceptional curves, and which surjects onto 
op C Ai(Y)^. For any monomial ideal I C P with \fl = m, let J C P' be the inverse 
image. Then a/J is the prime monomial ideal associated to the face P. Since the 
exceptional curves are a proper subset of D' we have vJ G -4.(^0 by Proposition 15.61 
Now restrict the family X 3 Speck[P']/J to SpeckfP]// C Speck[P']/J (induced by 
the surjection P' — y P). This gives an algebra structure on 

A 7 := (k[P]/J)^. 

We claim this is precisely the algebra described by Theorem 12.381 The argument is just 
as in the proof of Proposition 13.121 We have B(y>,d') — B(y,d) an d for rj : k[NE(Y')] — > 
k[NE(F)] the natural surjection (induced by : A^Y') -> A^Y)), r/(D can ) = S) can 
(i.e. the rays are the same, and we apply to the decoration function). This does not 
literally give a bijection on broken lines (because different monomials in the decoration 
of a ray in S^y 1 ) could map to the same monomial under p*). However, by Equation 
( 13. 4IL with z a point close to q, 



Y c (7i)c(72) 



E 



(71.72) 

Limits(7i)=(9i,^) 
s(7l)+s(72)=9 



(71,72) 
Limits(7i)=(gi,2) 

s(7l)+s(72)=9 



1^(70=71 



^(72) =72 



/ 



(Vi,7 2 ) 
Limits(7 I ')=(g l ,x:) 

\ s(7()+s(7 2 )=<J 



which implies the claim. 

Now to complete the proof we need to check that the the fibre over the zero stratum 
of Speck[P] is V n . We check this directly using the algebra structure. We will do 
the case of n — 1, as n — 2 is similar (and simpler). We cut B = P(y,D) along the 
unique ray p G E, and consider the image under the developing map of the complement. 
This is a strictly convex rational cone in IR 2 . Let w,w' be the primitive generators of 
the two boundary ray. Modulo m the decoration on every scattering ray is trivial, so 
every broken line is straight. Moreover, no line can cross p (or the attached monomial 
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becomes trivial by the strict convexity of (p). Now it follows for any x £ B(M) \ p and 
any q £ (B\ p)(Z) there is a unique (straight) broken line with Limits = (q, x), while 
there are exactly two (straight) broken lines with Limits = (v,x), v = v\ — under 
the developing map these become two distinct straight lines with directions w, w'. 
Performing a toric blowup of (Y, D) to get n' = 3 can be accomplished by subdividing 
the cone generated by w and w' along the rays generated by w + w' and 2w + w' . Then 
by Theorem 10.21 in the case n = 3, we see that A m is generated over k by 

$v "w $w' i $w+w' i $2w+w l 

where we abuse notation and use the same symbol for an integer point in the convex 
cone generated by w and it/, and the corresponding point in S(Z). Now applying the 
multiplication rule of Theorem 12.381 one checks easily the equalities: 

$v ' $w+w' = $2w+w' + $w+2w' 
$2w+w' ' $w+2w' = $Zw+Zw' — $w+w'- 

It follows that 

$2w+w' ' $v ' $w+w' = $\ w +w' + $w+w' 

and thus A m = k[x, y, z]/(xyz — x 2 — z 3 ), which is isomorphic to the ring of sections 

m>0 

for a line bundle 0(1) of degree one on an irreducible rational nodal curve C of arith- 
metic genus 1. Thus Specv4 m = Vi. □ 
Now Theorems 10.11 and 10.21 holds for all n by Proposition 15.61 

5.2. D positive. 

Lemma 5.9. The following are equivalent for a Looijenga pair (Y, D): 

(1.1) There exist integers a±, . . . , a n such that cti-Dj) 2 > 0. 

(1.2) There exist positive integers bx, . . . , b n such that (Y2 hDj) ■ Dj > for all j . 

(1.3) Y \ D is the minimal resolution of an ajfine surface with (at worst) Du Val 
singularities. 

(1.4) There exist < q < 1 such that —[Ky + ^CjDj) is nef and big. 
If any of the above equivalent conditions hold, then so do the following: 

(2.1) The Mori cone NE(Y)^ >0 is rational polyhedral, generated by finitely many 
classes of rational curves. Every nef line bundle on Y is semi-ample. 

(2.2) The subgroup G of Aut(Pic(Y), (•, •)) fixing the classes [Dj\ is finite. 

(2.3) The union R dY of all curves disjoint from D is contractible. 
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Proof. We have 

Ky + £ QA = {Ky + D) — 5^(1 - Q) A = - 5^(1 - C t ) A 

so (1.2) and (1.4) are equivalent, and (1.2) obviously implies (1.1). 

If (1.1) holds then (D x , (•, •)) is negative definite, by the Hodge Index Theorem, and 
this implies (2.2) and (2.3). 

Suppose (1.4) holds. By the basepoint-free theorem |KM98j . 3.3, the linear system 

|m(53 biDi) | = |- m[K Y + * D i) I 

defines a birational morphism for m G N sufficiently large, with exceptional locus the 
union R of curves disjoint from D. Adjunction shows R is a contractible configuration 
of (— 2)-curves, which gives (1.3). (2.1) follows from the cone theorem |KM98j . 3.7. 

We show (1.1) implies (1.2). By the Riemann-Roch theorem, if W is a Weil divisor 
(on any smooth surface) and W 2 > then either W or — W is big (i.e., the rational 
map given by \nW\ is birational for sufficiently large n). So, possibly replacing the 
divisor by its negative, we may assume W = Y a-iDi is big. Write 

w = 53 — W+ 53 (-oi)A- 

<2i>0 — Oj>0 

Thus W is big, and replacing W by raW, we may assume all a» > and |W| defines 
a birational (rational) map. Subtracting off the divisorial base-locus (which does not 
affect the rational map) we may further assume the base locus is at most zero dimen- 
sional. Now W = Yl biDi is effective, nef and big, and supported on D. We show 
we may assume that in addition bi > and W ■ A > for each i. If W • A > 0> 
then we may assume 6, > (by adding e A to 1^ if necessary) . Now consider the set 
S C {1, . .. ,n} of components A of Z) such that W ■ A = 0. By connectedness of 
D we find bi > for each i G 5. Thus Supp(jy) = D. By the Hodge index theorem 
the intersection matrix (A ' -Dj)*j'e5 is negative definite. Hence there exists a linear 
combination i? = X^es^-A with G Z >0 for each i E S, such that i? • A < for 
each i £ S. Now replacing by W — e£?, we obtain W ■ Di > for each % — 1, . . . , n. 

Finally we show (1.3) implies (1.1). Since U is affine, we have U = Y' \D' where 
Y' is a normal projective surface and D' is a Weil divisor such that D' is the support 
of an ample divisor A. Let ir: Y — > Y' be a resolution of singularities such that 7r is 
an isomorphism over U and the inclusion U C Y extends to a birational morphism 
/: Y — > Y. Let D be the inverse image of A under tt, so Y \ D = Y' \ D' = U . The 
divisor tt*A has support D. So we can write ir*A = f*(%2 ctiA) + S /^i-^j where the Ej 
are the /-exceptional curves and a i: fij G Z. Then (^a^A) 2 > (7r*A) 2 = A 2 > 0. □ 
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Corollary 5.10. Let (Y, D) be a Looijenga pair satisfying any of the equivalent condi- 
tions of Lemma \5.9[ Let P = NE(Y). The multiplication rule Theorem \2. 38i determines 
a finitely generated T D -equivariant R = k[P]-algebra structure on the free R-module 

A= R.0 q . 

qdB{Z) 

Furthermore, Spec A — > Spec/? is a flat affine family of Gorenstein SLC surfaces with 
central fibre V n , and smooth generic fibre. Any collection ofd q whose restrictions gen- 
erate A/m = H°(Y n , Oy n ) generate A as an R-algebra. In particular the q 9 v . generate 
for n > 3 . 

Proof. Everything but the singularity statement follows from Theorem 10.21 The Goren- 
stein SLC locus in the base is open, and T D -equivariant. By the positivity there is a 
one parameter subgroup G m C T D so that the torus fixed point G Spec R is in the 
closure of every orbit. Thus the locus is all of Spec/?. □ 

In Part II we will prove that when D is positive, our mirror family admits a canonical 
fibrewise T^-equivariant compactification X C (Z,T>). The restriction (Z,V) —> Ty 
comes with a trivialization T> —> x Ty. We will show that (Z,T>) is the universal 
family of Looijenga pairs (Z, D%) deformation equivalent to (Y, D) together with a 
choice of isomorphism Dz — > -D*. Now for any positive pair (Z,Dz) together with 
a choice of isomorphism 0: Dz — > -D*, our construction equips the complement U = 
Z\D Z with canonical theta functions $ q , q E B( Z ,d)(%)- We will give a characterisation 
in terms of the intrinsic geometry of (Z,Dz). Changing the choice of isomorphism 
changes by a character of T D = Aut°(-D*), the identity component of Aut (£)*). Here 
we illustrate with two examples: 

Example 5.11. Consider first the case (Y, D) a 5-cycle of (— l)-curves on the (unique) 
degree 5 del Pezzo surface, Example 13.71 In this case T D = Ty = Pic(Y) ®z G m , 
and thus by the T D -equivariance, all fibres of the restriction X — > Ty are isomorphic. 
We consider the fibre over the identity e G Ty, thus specializing the equations of 
Example 13.71 by setting all z Di = 1. It's well known that these equations define an 
embedding of the original Y\D into A 5 — if we take the closure in P 5 (for the standard 
compactification A 5 C P 5 ) one checks easily we obtain Y with D the hyperplane section 
at infinity. 

Now it is easy to compute the zeroes and poles: 

(& v .) = E i + D i - A+2- A-2 

(indices mod 5). In particular {d Vi = 0} = EiHU C U, which characterizes $ Vi up to 
scaling. 
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Example 5.12. Now let (Y, D = D\ + D2 + D$) be (the deformation type of) a cubic 
surface together with a triangle of lines. Let X C Spec(k[NE(Y)]) x A 3 be the canonical 
embedding given by $j := $ Vi , i = 1, 2, 3. We will show in Part II that this is given by 
the equation 



Here the Eij are the interior (— l)-curves meeting Di, and the sum over ir is the sum 
over all possible toric models ir : Y — > Y of (Y, D) to a pair (Y, D) isomorphic to 
P 2 with its toric boundary. (Such ir are permuted simply transitively by the Weyl 
group W(D±) by |L81j . Prop. 4.5, p. 283.) The same family, in the same canonical 
coordinates, was discovered by Oblomkov |Ob04j . As we learned from Dolgachev, 
after a change of variables (in A 3 ), and restricting to Ty (the locus over which the 
fibers have at worst Du Val singularities) this is identified with the universal family of 
affine cubic surfaces (the complement to a triangle of lines on projective cubic surface) 
constructed by Cayley in |C1869j . The universal family of cubic surfaces with triangle 
is obtained as the closure in A 3 C P 3 . In particular, as in the first example, our mirror 
family compactifies naturally to the universal family of Looijenga pairs deformation 
equivalent to the original (Y,D). There is again a geometric characterisation of i?j (up 
to scaling): The linear system | — Ky — Di\ = \Dj + D k \ (here k} = {1, 2, 3}) is a 
basepoint free pencil. It defines a ruling it : Y — > P 1 which restricts to a double cover 
Di -> P 1 . Let {a, b} C P 1 be the branch points of 7r\ Di . Let p = ir(Dj+D k ) e P 1 . There 
is a unique point q £ P 1 \ {a,b,p} fixed by the unique involution of P 1 interchanging 
a and b and fixing p. Let Q = 7r*(g) £ \Dj + D k \ be the corresponding divisor. The 
curve Q C P 3 is a smooth conic. In Part II we will show 

Proposition 5.13. (^) = Q - Dj - D k . 

5.3. Relation to cluster varieties. Fock and Goncharov define a (rational) bira- 
tional automorphism h : T — ■* T of a split algebraic torus to be positive if the pullback 
of any character is a ratio of Laurent polynomials with positive integer coefficients. A 
positive atlas W is a collection of (rational) birational isomorphisms T --■ » W such 
that the transition functions h : T ---> T are positive. They then point out two flavors 
X, A of cluster varieties which are examples. We refer to |FG09] for the definition 
of cluster variety and precise statements. We write U(W) for the affine closure (that 
is, the spectrum of the global sections of the structure sheaf) of the scheme over Z 
obtained by glueing together the tori in the atlas. 

Note that a split torus has a nowhere vanishing top degree form Q canonical up to 
sign, namely dlog(xi) A • • • A dlog(x n ) for a basis x\, . . . , x n of characters. We observe: 
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Lemma 5.14. U{W) is an affine log Calabi Yau variety, that is, has a nowhere van- 
ishing top degree form with log poles at infinity, unique up to scaling. 

Proof. The tori cover U up to a codimension two subset. It is immediate from the 
explicit formulae for cluster transformation, |FG09j .(13).(14) that the canonical forms 
Q agree up to sign. It follows that they extend to a nowhere vanishing form on U. 
Uniqueness follows from the same statement on a torus. □ 

Fock and Goncharov define the tropical points W(Z*) of any positive atlas and 
observe that each chart canonically g : T ---> W identifies W(Z*) with the lattice 
of co-characters of T. They associate to each seed i (a certain combinatorial object 
introduced by Fomin and Zelevinsky) a pair of positive atlases Ai, Xi- Each seed has 
a natural Langlands dual i y . They conjecture a remarkable duality. A universally 
positive Laurent polynomial means a regular function on U which in each toric chart 
is a Laurent polynomial with positive integer coefficients. These form a semi-group 
under addition. Let E(W) be the set of minimal elements. They conjecture there 
is a natural bijection *4j(Z*) — > E(A^v), and moreover that K(X^) gives a Z-basis of 
H°(U(Xiv), O). We believe this is a special case of our Conjecture 10.81 

We note first that their tropical points are canonically identified with our (weighted) 
log canonical centers S(Z) of §0.41 This is immediate from the definitions: -B(Z) is a 
birational invariant of the form Q and so can be computed on any of the toric charts; 
for a torus -B(Z) is the lattice of co-characters. We believe that the U(Ai) and U(X^) 
are mirror Calabi- Yau varieties and under the identification A%{T}) = B^L) our theta 
functions $ g give the minimal generators of the semi- group E(A'jv). 

Thus we believe that our theta functions give a natural generalisation of the Fock- 
Goncharov minimal universally positive Laurent polynomials to any affine Calabi- Yau 
with maximal boundary (recall this means that B has the maximal possible dimension 
d = dim([/)), moreover that the multiplication rule for the generators is governed by 
counts of rational curves, according to the formula of Conjecture 10.81 We note this will 
include non-rational examples, which of course have no torus charts. 

We have checked that this is true for the three cluster surfaces of finite type - 
associated to ^2,-82 and G2. The A2 case is Example 15.111 

Example 15.121 is also an instance. In this case the total space of our deformation is 
the Fock-Goncharov cluster variety Apgi^S) parameterizing PGL 2 -local systems on the 
surface S given by the 2-sphere with 4 punctures (more precisely, X PGL2)S = X/T D , the 
quotient of our total space by the relative torus T D ). In this case (by Fock-Goncharov) 
t4(Z*) = .B(Z) is the space of integral A- laminations of S, which are (weighted) isotopy 
classes of simple loops in S. We have checked that under the correspondence our i9 3 
gives the trace of the monodromy transformation for the corresponding loop. Note we 
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now have several quite different interpretations for $ q : The current view as a trace 
function on a moduli space of local systems, the interpretation in terms of classical ge- 
ometry of a cubic surface, Example 15. 121 as functions arising from areas of holomorphic 
discs in the SYZ picture of mirror symmetry as in (10. 6p . or the tropical version of discs 
via broken lines, Theorem 10. 7\ and finally a (speculative) Floer theoretic incarnation 
via our Conjecture 10.81 

6. Deformations of cyclic quotient singularities 

In this section we describe the deformation theory of surface cyclic quotient singular- 
ities using a variant of our construction. The deformation theory of these singularities 
is now completely understood and has a beautiful and intricate structure. A key ad- 
vance was obtained by Kollar and Shepherd-Barron [KSB88J. They showed that the 
irreducible components of the deformation space are in bijective correspondence with 
certain partial resolutions of the singularity, dubbed P-resolutions. J. Stevens ob- 
tained an explicit description of all P-resolutions and the deformation associated to 
each P- resolution |S91j . 

Our construction in this case is much easier than in the proof of Theorem 10.1 1 because, 
roughly speaking, there is no "scattering" , see Remark 16.21 So we are able to prove 
versality results for our deformations. We also obtain a geometric interpretation of 
Stevens' combinatorial description of P-resolutions given by a real 2-torus fibration of 
the Milnor fiber. 

Remark 6.1. More recently, Lisca obtained a classification of the Stein symplectic fill- 
ings of the link of the cyclic quotient singularity (a lens space) up to diffeomorphism 
|L08j . He conjectured that all such fillings arise as the Milnor fiber of a smoothing of the 
singularity. Lisca's conjecture was verified by Nemethi and Popescu-Pampu |NPP10j . 
This establishes a bijective correspondence between components of the deformation 
space of the singularity and Stein symplectic fillings of its link up to diffeomorphism. 
It would be very interesting to establish an analogous correspondence for cusp singu- 
larities. 

In this section, we use the notation A m /i(ai, . . . , a m ) or just £(ai, . . . , a m ) to denote 
the cyclic quotient singularity 

A m //i r , /i r 9(: (£!,..., x m ) h+ (C ai X!,...,C am x m ). 

6.1. Construction of the deformation. Let Y be a smooth quasiprojective toric 
surface admitting a toric proper morphism /: Y — > A 1 . Thus the fan £ of Y has 
support a half-plane and the morphism / corresponds to the linear projection |E] — > 
R>o- Let D be the toric boundary of Y. Then D is a chain of curves D = D + D\ + 
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• ■ ■ + D n + D n+ i where Po, P n +i are sections of / and Pi + ■ ■ ■ + D n is the reduction of 
the fiber of / over G A 1 . Fix integers h, . . . , l n G Z> . Let n : Y — > Y be the blowup 
of Y at distinct points Xij in the interior of the boundary divisor Pj for each 1 < i < n 
and 1 < j < k- Let E^ denote the exceptional curve of n over and / : Y -> A 1 the 
composition / = / o tt. Let P = P + ' ' ' + Pn+i denote the strict transform of the 
boundary P of Y . Then Ky + D = 0. 

Let P = NE(l r /A 1 ) be the monoid of classes of curves contracted by /: Y — > A 1 . 
Explicitly, P = f^p+E^ generated by Pi,...,P n and the ^-exceptional curves E^. 
Thus S := Speck[P] = A n+ ^ /l with coordinates z Dl , 1 < i < n and the z Elj . 

Define 

the union of a chain of n + 1 coordinate planes in A n+2 . Let B n C S n denote the union 
Ai, U Ai of coordinate lines, a closed subscheme of codimension 1. We construct a 
deformation of the pair (§ n ,B n ) over Speck[P] associated to (Y,D). 

We define a singular integral affine manifold with boundary (B, dB) together with 
a subdivision S into cones associated to (Y, P) as in §1.11 Thus B is a union of 2- 
dimensional convex cones <To,i, . . . , cr njn+ i corresponding to the nodes of P, glued along 
rays pi, . . . , p n corresponding to the proper components Pi, ... , P n of P, and B has 
boundary dB the union of the two rays p , p n+ i corresponding to the affine components 
P , P n +i of P. The integral affine structure on B is defined by declaring each cone 
tfiji+i to be integral affine isomorphic to the positive quadrant in M 2 , and defining the 
integral affine structure on the union ovi^ U cr^j+i of two adjacent cones using the 
self-intersection number Df as in §1.11 Writing P := B \ {0} and 8B Q := dB \ {0}, 
the pair (B ,dB ) is an integral affine manifold with boundary in the obvious sense. 
We write E for the polyhedral subdivision of P given by the cones {0}, pi, and ct^+i- 

The developing map identifies B with a convex cone a in Mr ~ IR 2 . If 7r is an 
isomorphism then a is a half-plane and E can be identified with E, otherwise a is 
strictly convex. Let Vi G M denote the primitive generator of pi for % = 0, . . . , n + 1. 

As explained in §0.6.21 the toric model it : Y — > Y corresponds to a deformation of the 
singular integral affine manifold with boundary (P, dB) to the integral affine manifold 
with boundary (B,dB) given by the support |E| of the fan of Y. This deformation is 
obtained by moving /j singularities of type p with invariant direction pi from G P 
to infinity along the ray pi, for each i = 1, . . . ,n. Let v: B — > B denote the induced 
piecewise linear identification. 

Let ip: B — >■ P gp denote the P-convex E-piecewise linear function defined (up to a 
linear function) by p Pi = Di for % = 1, . . . , n. Let D denote the scattering diagram on 
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B with rays 

h 

3i = (Pi, fi = II^ 1 + z^z^'-^)), i = l,...,n. 
i=i 

Remark 6.2. Compare with the similar diagram 2)o of ( 13. 6 p used in the proof of The- 
orem 10.11 In that case 2)o is only the input to the Kontsevich-Soibelman lemma, 
Theorem 13.241 while the diagram we use for the construction, 25 can ; is obtained using 
the complicated scattering process via u(D can ) = ID = Scattered). The present case 
is vastly simpler: B C Mr is a half-space, and so any outgoing ray obtained by the 
scattering process applied to 2) := ^(2)) lies in the opposite half-space. (In general, if 
the incoming rays are contained in a convex cone Cc5c Mr, then the outgoing rays 
generated by the scattering process lie in the opposite cone —C C Mr. This follows 
easily from the proof of the Kontsevich Soibelman lemma.) So restricting to B we 
obtain 3) := Scatter (I)o) \b — Alternatively, because Y is proper over A 1 , the only 
A 1 -classes are the E^, and thus £> can = 2). 

Let S denote Spf k[P], the formal spectrum of the completion of k[P] at the maximal 
monomial ideal m = P \ {0}. We construct a formal deformation X/S of § n over S by 
modifying the Mumford deformation determined by tp using the scattering diagram D 
as in ^J2j We now spell this out explicitly. 

Let Ui = (xi 0) C S n for i = 0, . . . , n + 1. Thus 

Ui = V(x i - 1 x i+1 ) c A^_ i Xi+i x G m ^ for i = 1, . . . , n 

and 

U — A Xl x G m>X() , U n+ x = A Xn x G m ,x n+1 - 
Note that [jU, = §° := § n \ {0} and 

UiHUj = for |z-j| > 1. 
We define deformations U/S of £/j over S 1 as follows: 

Ui = V (xi- lXi+ i - z D 'x~ D * Y[(l + z^'zr 1 )) C A^_ 1|iei+1 x G™,^ x 5 for 1 < i < n, 

Ui = UiX S for i = 0,n + 1. 

Let denote the restrictions to S := Spf k[P}. We glue the deformations Ui by 

identifying the open sets 

Ui D (x i+1 + 0) = G^ iX , jZi+i x S 
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and 

U i+1 D {Xi ^ 0) = G 2 m>XijXi+1 x S 

via the identity map on G^ x . x x S 1 , for i = 0, . . . , n. Note that the gluings are 
purely toric because the only scattering rays are the rays pi, % = 1, . . . , n, of E, and 
the associated automorphisms have been incorporated into the definition of the open 
sets Ui as in Construction 12.181 As before, there is no compatibility condition for the 
gluing because there are no triple overlaps of the open sets U^. Write 

Ui, i+1 :=^nw m = G^ iiX!+i xS. 

In the coordinate free notation of letting I C P be a monomial ideal such that 
\fl = m and using the subscript J to denote restriction to Spec(k[P]/J), we have 

Ui, i+ x,i = Spec R Pt)CTi t+lJ = Spec R Pi+1 , aiii+1 ,i = Spec R ai _ i+1)(7j i+1>1 , 

x . = z (vjM^) e R a . i+ua . i+lJ for j = *, i + 1, 

ZYi,/ = Spec( J R Pij/ ) = Spec(P Pi)<Ti _ l i)/ x R Pl ^, z+1 ,i) for i = 1, . . . , n, 

and 

W ,/ = Spec( J R P0i(J01>/ ), W n>/ = Spec( J R Pn+1>CTnn+li/ ). 

We thus obtain a formal deformation X"/ 5 of over 5. We define a formal scheme 
X/S 1 by C-^ := i*0^ where i denotes the inclusion §>° C § n . We explain below that 
the coordinates Xi lift to global sections $ Vi G T(X°, 0^ )- Thus by Lemma \2. 341 X/S 
is a formal deformation of S n over S". 

Let q G Bq(7j) and Q G B\dB. We define broken lines 7 in _B f° r Q with endpoint Q 
as before (see Definition 12.221) . For Q lying in the interior of cr^+i we have Lift q (5) := 
J2>y Mono (7) G T(Ui t i + i, 0-£o). We assert that the Liftg(g) for varying Q patch to define 
a lift d q G T(X°, Oj^o) of z q G T{X, O x ) = k[S]. In $L2l the analogous statement was 
established by analyzing the behaviour of broken lines as the endpoint Q varies. The 
difficulty is entirely due to limits of broken lines passing through the singular point 
G B. In the present case this cannot happen by Lemma 16.31 below. Indeed, if 7 is 
a broken line in Bo with endpoint Q and £ : [0,1] — >■ B \ dB is a path from Q to Q' 
which does not pass through a ray at which 7 bends, then we can deform 7 to a family 
T = {T s } of broken lines in B with endpoints ((s) obtained by applying a homothety 
and either truncating 7 or extending the final segment linearly. 

Lemma 6.3. Let 7 be a broken line in B for q with endpoint Q. Then the ray p C Mr 
in the direction of the final segment of '7 is not contained in the interior of a, and if p 
coincides with one of the edges po, p n +i of a then lR>o<7 coincides with the other edge. 
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Proof. The broken line 7 is convex when viewed from the origin 6 5 (because all 
rays in the scattering diagram D are outgoing rays). Consider the piecewise linear 
path 7 C B obtained by extending the final segment of 7 as far as possible. We must 
show that 7 either meets the boundary of B or its final segment is parallel to one of 
the edges p , p n+ i of B. We may assume that the bend in 7 at each ray pi is as large 
as possible, that is, the change in the primitive integral tangent vector v is given by 
v 1 — y v -\- li\Vi A v\vi. Then 1/(7) C B is a straight line in the half-space B C Mr. 
Thus either 7 meets the boundary of B or both its incoming and outgoing unbounded 
segments are parallel to an edge of B. □ 

The global function $ g for q = avi + bv i+ i £ a iji+ inB (Z) is given by zfo^w)) = x^x\ +1 
on U^i+i (because the only broken line for q with endpoint Q in the interior of cr^+i is 
given by the ray Q + M>o • q). (We remark that the analogous statement is not true in 
general in the case (Y, D) proper, because broken lines can "wrap around" the origin 
£ B.) Write x { := $ Vi . 

Next we verify that the formal deformation X/S is algebraic. As in §5] this follows 
because the formal deformation admits a G m -action with positive weights on T(X, O x ): 
The torus T D = G™+ 2 acts on X C A™+ 2 _ x S via 

lib JjQ , . . . , J J n-\-l 

T D 3t = (t , . . . , t n+1 ) : x t ^ U ■ x t) h-> (J[ tf^ ■ z p . 

There exists a linear combination A = a iDi, such that «j > for all i and A 
is /-ample. Write R := T(0^) and let R m C R denote the homogeneous elements 
of weight m for the one-parameter subgroup G m — > T D corresponding to A. Then 
Ro = k, R := © m>0 -R m C R is the k[P]-subalgebra generated by xo, . . . ,x n +i, and 
R is the completion of R with respect to the torus invariant maximal ideal m C k[P]. 
Thus the formal deformation X/S extends (uniquely) to an T D -equivariant algebraic 
deformation X/S, given by X = SpecR. 

In fact, due to the finiteness of broken lines on B for D, the lifts dq are algebraic 
functions on the open patches Ui and we have the following more precise statement. The 
open embeddings Ui C X over S extend uniquely to T D -equivariant open embeddings 
Ui C X over S. Moreover Ui = (x { ^ 0) C X C K ,...,x n+1 X 3, so {JU = X° : = 
X\{0} x 5. 

The coordinate ring R = T(X, Ox) is a free k[P]-module with basis d q for g £ P(Z) 
(as usual we define -^o = 1). Let / C -R be the (free) k[P]-submodule generated by 
dq for g £ P(Z) \ 9P. Using the last clause of Lemma 16.31 we see that / is an ideal 
of R. The ideal / defines a closed subscheme C C X/ S of codimension one, flat over 
S, with special fiber Cq = B n C X = §> n the union of the coordinate lines A 1 . A^ 3 
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corresponding to the edges po, p n +\ of B. We remark that Kx + C = 0, but neither C 
nor Kx is Q-Cartier for n > 1. 

The product of permutation groups 

W := S h x ■ ■ • x ^ 

acts on S by permuting the z Eij , and this action lifts to (X, C)/S. 

Now suppose that tt is not an isomorphism, so that Di + • ■ - + D n is negative definite. 
Let p: y — > Y' denote the contraction of D\ -\ — • + D n . Then Di + • — h D n contracts 
to a cyclic quotient singularity q G Y' isomorphic to G Speck[a v fl N]. 

Let S p C S be the toric stratum of S" associated to the contraction p. The restriction 
of the family (X,C)/S to S p is a purely toric deformation with general fiber Z := 
Speck[cr fl M], the dual cyclic quotient singularity to q G Y', together with its toric 
boundary 

Let S' denote a W- invariant transverse slice to S p . Explicitly, S p C S is the coordi- 
nate subspace A" J3l zDn and we may take 

S' = V(z Dl -l,.--,z D »-l)=Af£. y 

Let (X',C')/S' denote the restriction of (X,C)/S to 5'. Thus (X',C")/(0 G 5') is a 
deformation of the cyclic quotient singularity Z together with its toric boundary. 

6.2. P-resolutions and deformations. Let p G V be a normal surface singularity 
such that Ky is Q-Cartier. Let N be the index of p G V, that is, NKy is Cartier at p 
and N G Z >0 is minimal with this property. Then the index one cover of p G V is the 
Pn Galois cover q:W^tV given by 

w = Spec v (cy © evoM © • • • © o v ((x - i)x y )), 

where the multiplication on q*Ow is defined by choosing an isomorphism Ov(NKy) 
Oy. We say a deformation V/(0 G S 1 ) of V is Q-Gorenstein if it is induced by an 
equivariant deformation of the index one cover. (If p G V is a quotient singularity and 
G S 1 is a smooth curve germ this is equivalent to requiring that Ky is Q-Cartier.) 

A quotient singularity is said to be of class T if it admits a Q-Gorenstein smoothing. 
The quotient singularities of class T are the Du Val singularities and the cyclic quotient 
singularities of the form dna — 1) for some d,n,a G Z>o, (a, n) = 1. 

If Z is a quotient singularity then a P -resolution g : Z — > Z is a proper birational 
morphism such that is relatively ample over Z and Z has quotient singularities 
of class T. We can now state the main result of Kollar and Shepherd-Barron on de- 
formations of cyclic quotient singularities (together with some improvements obtained 
subsequently by Stevens): 
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Theorem 6.4. [KSB88] . [S91] Let Z be a cyclic quotient singularity. Let g: Z — >■ Z 
be a P '-resolution of Z . The versal Q-Gorenstein deformation space Def^ G (Z) of Z is 
smooth. There is a morphism 

F: Def QG (Z) Def(Z) 

to the versal deformation space of Z given by blowing down deformations (using R l g^O^ = 
0). The morphism F is an isomorphism onto an irreducible component ofDef(Z), and 
this establishes a bijective correspondence between P -resolutions of Z and irreducible 
components o/Def(Z). 

We now describe a P-resolution of the cyclic quotient singularity Z determined by 
the pair (Y, D). Let n £ N be the primitive integral inward normal of the half-plane 
B C Mr, so B = (n > 0) C M K . Let S C B be the half-plane (n > 1) C Mr. 
Let S be the convex polytope C B, where we recall that v. B — > B denotes 

the piecewise linear identification of B and B. Let Z denote the quasiprojective toric 
variety associated to the polytope H C Mr. Explicitly, let Q denote the closure of 
M>o ■ (H x {1}) c M K © R, then Z = Projk[Q n (M © Z)], where the grading is 
defined by the projection M © Z — > 7L. The surface Z admits a proper birational map 
g: Z — > Z to the cyclic quotient singularity Z = Speckfa fl M] given by the equality 
af]M = Qf](M x {0}). 

Proposition 6.5. The morphism g: Z — Z is a P-resolution of the cyclic quotient 
singularity Z . 

Proof. The exceptional locus of g is the union of the proper toric boundary divisors of 
Z, which correspond to the bounded edges of the polytope S. The vertices of S are 
the intersection points of S with the rays pi such that 1 < i < n and U > 0. 

Write Vi := u(v t ) £ B C Mr. Choose a basis of M such that B = R> x R c 1R 2 . 

Then f j = | for some rij,aj £ Z >0 , (rii, aj) = 1. (Note that n, is independent of 

\<hJ 

the choice of basis and a% is determined modulo rij.) Then it is an exercise in toric 
geometry to show that if U > then the singularity of Z corresponding to the vertex 
of S on pi is a cyclic quotient singularity of class T of type r^(l, hniOi — 1). 

The canonical divisor is relatively ample over Z by Lemma 14.31 Indeed, the lines 
considered in the statement of that lemma are the lines through the origin and the 
vertices of S, by the construction of S. □ 

6.3. Main Theorem. 

Theorem 6.6. Let Z denote the cyclic quotient singularity dual to the singularity 
obtained by contracting Di, . . . , D n C Y , and B C Z its toric boundary. 
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(1) The deformation (X',C')/(0 G 5") induces an isomorphism 

(0 G S'/W) ^ D 

from the quotient S'/W to an irreducible component D of the versal deformation 
space of the pair (Z, B). 

(2) The group W is the monodromy group of the restriction of the versal deforma- 
tion to D. 

(3) The irreducible component D corresponds to the P -resolution of Z described in 
Proposition ^.^ under the bijection of Theorem\6.J\ and Proposition\6.1 . 



(4) Every irreducible component of the versal deformation of a cyclic quotient sin- 
gularity together with its toric boundary arises uniquely in this way for a pair 
{Y,D) as above such that the contraction p:Y^rY'is the minimal resolution 
of the dual cyclic quotient singularity q EY'. 

Proof. (1) Note of course that taking the quotient by W amounts to replacing the 
parameters z Eij , j = 1, . . . , by the elementary symmetric functions an, ... , an i in 
these parameters, for each % — 1, . . . , n. Then the equation of the open patch Ui of X 
yields an equation 

(6.1) Xi-xXi+x = x~ Dl ~ ll {x l { + a iX x l l~ X H V ^ih) 

for X', for each i = 1, . . . , n. Let D' C Def (Z) be the irreducible component associated 
to the P-resolution g: Z — > Z of Proposition 16.51 By (3) below the deformation X'/S' 
induces a morphism S'/W —> D' . If Z is Du Val of type A then n = 1 and the statement 
is easy to check. Now assume that Z is not Du Val of type A. By comparing the 
description of the tangent space of Def (Z) in |S91j . §2.2 with the equations (16. ip above 
we deduce that the morphism S'/W — > D' is a closed embedding. Let F: Def(Z, B) — >■ 
Def(Z) be the forgetful map. By Proposition 16.71 the inverse image D := F~ 1 (D') is 
an irreducible component of Def (Z, B) and D — > D' is a closed embedding. The 
embedding S'/W — > D' factors through D, and we observe that the dimension of D is 
equal to the dimension U of S'/W by Remark [6T8| hence S'/W maps isomorphically 
to D. 

(2) This follows from |BC94j . 

(3) We need to exhibit a simultaneous P-resolution X' — > X'/S' such that K^-, is 
Q-Cartier and the special fiber is the P-resolution Z — > Z of Proposition [6J)J In fact we 
describe a proper birational morphism X — > X/S whose restriction to 5" is the desired 
simultaneous P-resolution. Let H denote the polyhedral subdivision of the polytope 
H C B C M ffi induced by the decomposition of B. For i = l,...,n, let ccj be the 
multiplicity of Pj in the fiber of /: Y — > A 1 over G A 1 , and define «o — °-n+i — 0. 
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Then the vertices of S are the points Uj/aj for i — 1, . . . , n. We remark that (otj, <x,) = 1 
for |i — j\ = 1 (proof by induction on the number of blowups required to obtain Y /A 1 
from a P 1 -bundle). Then X is glued from patches 



(tt;_l, -l,Q! i+ i) X S 



r- 

for z = 1, . . . , n. The morphism X — > X can be described as follows: we have identifi- 
cations 

Ui \ (Ui = 0) ^ Ui, (x[_ v Ui, x' i+l ) ^ x u Xi+i) = (uf* -1 ^!, 

and 

Wi \ (a/ ^ 0) W , (x' , Mi, x' 2 ) h-> (x , xi) = (x' , Mi), 

\ ( X n+1 7^ 0) W n +l, (^n-l' M ™' X n+l) ^ X n+l) = ( M n, ^n+l)' 

These patch to give an identification X° ^ X° where X° = X \ {0} x S and I°cl 
has complement of codimension at least 2. This identification extends to the desired 
birational morphism X — > X because X is affine and both X and X are normal. 

(4) By Theorem 16.41 and Proposition 16 . 71 there is a bijective correspondence between 
P- resolutions of Z and irreducible components of Def (Z, B). So it suffices to show that 
P-resolutions arise uniquely by the procedure described in Proposition 16.51 for a pair 
(Y, D) such that Y — > Y' is the minimal resolution of the dual singularity. This follows 
from [598] . §4. □ 

6.4. Deformations of pairs. The deformations we construct are deformations of the 
pair (Z, B) consisting of a cyclic quotient singularity together with its toric bound- 
ary. The following result explains the relation between deformations of the pair and 
deformations of the singularity. 

We remark that, in the theory of compact moduli of surfaces |KSB88j . the deforma- 
tion theory of the pair (Z, B) is more important than that of the singularity Z. This 
is because for a deformation (Z,B)/S of the pair (Z,B) the sheaf cuz/s(B) is a line 
bundle (see Lemma 16.91 below), whereas for a deformation Z/S of a cyclic quotient 
singularity Z it is usually not the case that ojz/s is a Q-hne bundle. 

If Z is a normal surface and B C Z is a reduced closed subscheme of codimension 
1, a deformation (Z,B)/(0 G S) of (Z,B) over a base (0 G S) is a deformation Z/S 
together with a closed subscheme B C Z, flat over S, such that Bq = B. If in addition 
Z is a Q-Gorenstein surface, we say a deformation B)/(0 G S') of (Z,B) is Q- 
Gorenstein if it is locally induced by a deformation of (Z', B') where Z 1 — > Z is a local 
index one cover and is the reduced inverse image of B. 
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Proposition 6.7. Let (Z, B) be a cyclic quotient singularity together with its toric 
boundary. 

(1) Let 

F: Dei(Z,B) -> Def(Z) 

be the forgetful map from the deformation space of the pair (Z, B) to the defor- 
mation space of Z . Then F induces a bisection between the irreducible compo- 
nents ofBei(Z) and Def(Z, B) given by D ^ F- 1 (D). Moreover F~ 1 {D) ->> D 
is a closed embedding unless Z is a Du Val singularity of type A, in which case 
it is smooth of relative dimension 1 . 

(2) Letg: Z — >■ Z be a P -resolution of Z and D C Def(Z) the associated irreducible 
component. Let B C Z be the reduced inverse image of B. Let Def^ (Z,B) be 
the Q-Gorenstein deformation space of the pair (Z,B). Then Def® G (Z,B) is 
smooth and there is a morphism 

G: Bef QG {Z,B) Def (Z, B) 

to the deformation space of the pair (Z, B) given by blowing down deformations. 
The morphism G is an isomorphism onto the irreducible component F _1 (.D) of 
Def(Z, B). 

Remark 6.8. The dimension of D and of F~ 1 (D) may be computed as follows. Let 
g: Z — > Z be the P-resolution associated to the irreducible component D C Def(Z). 
Let {Qi\ r i=\ be the nodes of B C Z. Then Qi G Z is a singularity of type 37-7(1, d^ai — 
1) for some d i: n^, Oj (the smooth case = rij = 1 is not excluded). Then F _1 (D) has 
dimension di. Let Z' — > Z be the minimal resolution of Z and let E[, ... , E' r _ l C Z' 
denote the strict transforms of the exceptional cuves of g. Let s denote the number of 
indices % for which rii — 1. Then D has dimension Ym=i di — s + Xlj=i( — Ej 2 ~ 1)5 see 
|KSB88j . Corollary 3.20. 

Proof. Let g : Z — > Z be a P-resolution and P the inverse image of B with its reduced 
structure. Then g is toric because Z is a cyclic quotient, and the divisor B C Z is the 
toric boundary of Z. In particular the singularities of Z are of type 3^(1, dna — 1). 

Let 3 — > Z be the Deligne-Mumford stack with coarse moduli space Z defined by 
the local index one covers 3-(l, —1) —> 3-2(1, c ^ ria — 1) °f the singularities of Z. Thus, 
locally over Z, the morphism 3 — > Z is of the form [U / fi n ] — > U j\i n where 

U = i-(l, -1) = V(xy - z dn ) C A^^, 
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and the fx n action has weights -(1,-1, a) on x,y,z. The deformations of 3 are the 
deformations of the coarse moduli space Z which are locally induced by an equivariant 
deformation of the index one cover, that is, the Q-Gorenstein deformations of Z. 

Let 03 C 3 denote the closed substack corresponding to B C Z. Let {Pi} r i=l denote 
the nodes of 03. Let T^(— log 03) be the sheaf of vector fields with logarithmic zeroes 
along 03. This is the sheaf of first order infinitesimal automorphisms of the pair (3, 03). 
We have T 5 (-log») ~ C| 2 because the pair (3,03) is toric. So H^T^- log 03)) = 
for i > 0. It follows that the local-to-global map 

Def(3,03)^ JjDef(P, e3,53) 

i 

is an isomorphism. Let Qi G Z be the image of P, G 3- Let the singularity Qi G Z be 
of type ^7(1, diUiCii — 1). The Q-Gorenstein deformation space of the pair 

e (a 2 u v I ^ (1, dna - 1)^ , V(uv) 

is smooth of dimension d (this includes the smooth case d — n — 1), with versal 
deformation 

((zj/ = z* 1 + + • • • + a ), V(z)) C (a| ^ / -(1, -1, a)) x 



Thus Def (3, 03) is smooth of dimension rfj. 

We note that if Z is a Du Val singularity of type A, then the Proposition is trivially 
true: Def(Z) is smooth, the map F is smooth of relative dimension 1, Z is Gorenstein, 
and the only P-resolution is the identity. We exclude this case in what follows. 

We assert that the forgetful map Def (3, 03) — > Def (3) is a closed embedding. To 
prove this, we need to show that all first order embedded deformations of 03 C 3 are 
induced by infinitesimal automorphisms of 3, that is, the map H°(T^) — > H°(Af) is 
surjective, where M is the normal bundle of 03 C 3- Note that 03 is a Cartier divisor 
on 3 (because + B = and 3 — > Z is the index one cover) . So Af is a line bundle 
on 03. Let M' denote the kernel of the surjection 

fc(Pi). 

i 

Then we have an exact sequence 

-> T 5 (- log 03) -> T3 -> AT' -> 0. 

Hence H°(T;) ->■ P^W') is surjective (because H l {T^(- log 03)) = 0, see above). We 
claim that H°(Af') = H°(Af) (here we use that Z is no£ a Du Val singularity of type 
A): Indeed, on Z we have K% + B = and is relatively ample, so M is negative 
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on proper components of 23. It follows that the map H°(Af) — > Q)H (Af <g) k(Pi)) is 
zero unless Z = Z . If Z = Z then the action of \x n on the fiber M ® k(P) of M at the 
singular point P G 3 is nontrivial because n > 1 by assumption, so H°(Af ®k(P)) = 0. 
Hence H°(Af') = H°(Af) as claimed, and combining we obtain that H°(Tz) -> H°(Af) 
is surjective as required. 

We have a map Def (3, 23) — ^ Def(Z, .B) given by blowing down deformations. In- 
deed, by [W76] . Thm. 1.4(c), deformations Z and B of 3 and 03 over an Artinian base 
S induce deformations Z and B of Z and 5, respectively. We just need to check that 
the closed embedding B C Z induces a closed embedding B C Z. Pushing forward the 
exact sequence 

-)• Oj(-B) -»• 0j -> -> o 

gives 

-> gJO & {-B) ^O z ^O B ^ B}g*Oz(-B) -> 0. 

We have + I? = 0, and wj/ 5 (i3) is invertible by Lemma I6T9T so w z /s(B) — @z 
(using R l g*Oz = 0). Thus R l g*0 z(—B) = R 1 g*uj£/ S = by Grauert-Riemenschneider 
vanishing |KM98j . p. 73, Cor. 2.68. Thus S C 2 is a closed subscheme as required. 

We claim that Def (3, 23) — >■ Def (Z, B) is an isomorphism onto an irreducible compo- 
nent of Def (Z, B), which is the inverse image F~ 1 (D) of the irreducible component D C 
Def(Z) corresponding to the P- resolution g under the forgetful map F: Def(Z, B) — y 
Def (Z). The map Def (3, 23) —y Def (Z, B) is a closed embedding with image contained 
in F~ 1 (D) because Def (3, 2^) -»■ Def(3) is a closed embedding and Def (3) Def(Z) 
is an isomorphism onto D. So it suffices to show that a map (0 G S) — y F~ 1 (D) 
from a smooth curve germ (0 G S) lifts to Def (3, 23). Let (Z,B)/S be the induced 
deformation of the pair (Z,B). The divisor K z + B is Cartier by Lemma 16.91 Thus 
{Z,Z + B) is log canonical by inversion of adjunction |K07] . By Theorem 16.41 the 
deformation Z/S is induced by a Q-Gorenstein deformation /: Z — y Z/S of the P- 
resolution g: Z — y Z. Let B be the inverse image of B with its reduced structure. 
Then Kg + Z + B = f*(K z + Z + B) because K^ + B = g*(K z + B). It follows that 
(Z,Z + -B) is log canonical. Now by |A08j . Thm. 0.1, Bo is reduced, so (Z,B)/S is 
a Q-Gorenstein deformation of (Z,B). We deduce that Def(3,23) —y Def(Z, B) is an 
isomorphism onto F~ 1 (D) (with its reduced structure) and F~ l (D) — y D is a closed 
embedding. □ 

Lemma 6.9. Lei (Z, S) fre a surface cyclic quotient singularity together with its toric 
boundary. Let (Z,B)/(0 G S) be a deformation of(X,D). Then co z /s(B) is invertible. 

Proof. We glue on another component to obtain a deformation of a reducible surface 
without boundary, and obtain the result by restriction. Let W = (0 G ) x S 
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be a smooth surface germ over S. Observe that the curve singularity B is a node. 
Choose an embedding B C W over S, and glue Z and W along B. We obtain a flat 
family Af/S". The special fiber X is a Gorenstein semi log canonical singularity — a 
so-called degenerate cusp. In particular ux/s is invertible (because ux is invertible, 
and the relative dualising sheaf commutes with base change for a flat family of Cohen- 
Macaulay schemes). Write U := X ' \ W = Z\B. We have a natural identification 

^at/sIw = ^u/s — <^z/s\u- 
We claim that this extends to an isomorphism 

wx/s\z wz/s(B) 

Both ujx/s\z and u>z/s(B) satisfy the relative 5*2 property i^J 7 = J 7 , where i: Z° C Z 
is the inclusion of a open subset whose complement has finite fibers. So it suffices 
to check the claim in relative codimension 1, where it is obvious. Hence 0Jz/s(B) is 
invertible as required. □ 
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